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THE CHICAGO MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


AT the invitation of the Chicago Section the April meeting 
of the Society was held this year at the University of Chicago, 
on Friday and Saturday, the 28th and 29th of the month. 
This was in many ways a remarkable occasion. It was the 
first regular meeting of the Society except the summer meet- 
ings, to be held away from New York City since its founding 
there in 1888. And it was arranged that this reunion of the 
eastern and western members should be especially marked by 
the delivery of President Bécher’s retiring address, which was 
postponed for that purpose from the annual meeting of the 
Society in the preceding December. As was under these cir- 
cumstances to be expected, the meeting was in every way a 
most successful and inspiring one. Fifty-three papers filled to 
overflowing the programme of the four sessions. The attend- 
ance numbered 115 persons, including the following 88 members 
of the Society : 

Professor G. N. Armstrong, Professor H. Bateman, Professor 
W. H. Bates, Professor G. N. Bauer, Professor C. H. Beckett, 
Professor W. W. Beman, Professor G. A. Bliss, Professor 
Maxime Bocher, Dr. R. L. Borger, Professor J. W. Bradshaw, 
Professor W. C. Brenke, Mr. Daniel Buchanan, Dr. H. E. 
Buchanan, Dr. Thomas Buck, Dr. H. T. Burgess, Professor 
W. H. Bussey, Professor D. F. Campbell, Professor H. E. 
Cobb, Professor F. N. Cole, Dr. A. R. Crathorne, Professor D. 
R. Curtiss, Professor E. W. Davis, Professor 8. C. Davisson, 
Professor L. E. Dickson, Mr. L. L. Dines, Professor L. W. 
Dowling, Dr. Arnold Dresden, Professor L. P. Eisenhart, 
Professor Arnold Emch, Professor Peter Field, Professor H. 
B. Fine, Professor W. B. Ford, Professor J. W. Glover, Pro- 
fessor A. G. Hall, Professor F. T. H’ Doubler, Professor T. F. 
Holgate, Professor O. D. Kellogg, Professor A. M. Kenyon, 
Professor Kurt Laves, Dr. N. J. Lennes, Professor A. C. 
Lunn, Dr. E. B. Lytle, Professor Malcolm MeNeill, Dr. W. 
D. MacMillan, Professor Max Mason, Mr. R. M. Mathews, Pro- 
fessor G. A. Miller, Mr. W. J. Montgomery, Professor C. N. 
Moore, Professor E. H. Moore, Dr. R. L. Moore, Professor J. 
C. Morehead, Professor F. R. Moulton, Professor G. W. 
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Myers, Dr. L. I. Neikirk, Professor W. F. Osgood, Professor 
G. P. Paine, Professor Alexander Pell, Dr. Anna J. Pell, Pro- 
fessor W. S. Pemberton, Professor A. D. Pitcher, Professor H. 
L. Rietz, Professor W. J. Risley, Professor W. H. Roever, 
Mr. R. E. Root, Professor D. A. Rothrock, Professor T. R. 
Running, Mr. J. M. Rysgaard, Miss I. M. Schottenfels, Mr. A. 
R. Schweitzer, Professor J. B. Shaw, Professor Mary E. Sin- 
clair, Professor C. H. Sisam, Professor E. B. Skinner, Pro- 
fessor H. E. Slaught, Professor C. S. Slichter, Professor P. F. 
Smith, Mr. V. M. Spunar, Professor C. E. Stromquist, Pro- 
fessor E. J. Townsend, Professor A. L. Underhill, Professor 
E. B. Van Vleck, Dr. G. E. Wahlin, Professor C. B. Williams, 
Professor R. E. Wilson, Professor A. E. Young, Professor J. 
W. Young, Professor Alexander Ziwet. 

President H. B. Fine occupied the chair, being relieved by 
Professor G. A. Miller and Vice-President G. A. Bliss. The 
Council announced the election of the following persons to 
membership in the Society: Professor H. Bateman, Bryn 
Mawr College; Mr. Samuel Beatty, University of Toronto ; 
Professor J. H. Griffith, University of Michigan; Mr. E. J. 
Moulton, Harvard University ; Mr. George Spitzer, Purdue 
University ; Professor C. J. West, Ohio State University. 
Eleven applications for membership in the Society were 
received. 

Professor L. E. Dickson was reelected member of the Edi- 
torial Committee of the Transactions for the term of three 
years. The President was authorized to appoint a committee to 
arrange for the summer meeting and colloquium of the Society 
to be held at the University of Wisconsin in 1913. Provision 
was also made for a committee to prepare a list of nominations 
of officers for the annual election in December. It was decided 
to hold the annual meeting this year in New York City. 

On Friday evening seventy-three members gathered at the 
dinner at the Quadrangle Club, where luncheon was also served 
on both days of the meeting. These and other lesser gather- 
ings afforded very agreeable opportunities for renewing and 
widening personal acquaintance and comparing scientific and 
other notes. The meeting brought together members from 
Massachusetts to Wyoming and from Minnesota to Missouri 
and contributed greatly to strengthen the bonds of the Society’s 
common interest. 

The Presidential Address of Professor Bécher, ‘“ Charles 
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Sturm’s published and unpublished work on differential and 
algebraic equations,” was delivered at the opening of the after- 
noon session on Friday. The address will appear in an early 
number of the next volume of the BULLETIN. 

The following papers were read at the Chicago meeting : 

(1) Mr. Danie, Bucnanan: “A class of periodic solu- 
tions of the problem of three bodies, two of equal mass, the 
third moving in a straight line.” 

(2) Dr. H. E. Bucnanan: “ An expansion of elliptic func- 
tions with applications.” 

(3) Professor D. R. Curtiss: “Relations between the 
Gramian, the Wronskian, and a third determinant connected 
with the problem of linear dependence.” 

(4) Mr. L. L. Dines: “ On the representation of resultants 
of n polynomials in one variable.” 

(5) Mr. L. L. Drxes: “On the solution of three equations 
for the three variables in terms of others.” 

(6) Dr. W. D. MacMiLuan: “ A reduction of a system of 
power series to an equivalent system of polynomials.” 

(7) Dr. W. D. MacMiuuan: “ A method for finding the 
solutions of aset of analytic functions in the neighbc -hood of 
a branch point.” 

(8) Dr. R. L. Moore: “ On the transformation of double 
integrals,” 

(9) Professor Maxime BOcuER: Presidential Address — 
“Charles Sturm’s published and unpublished work on differ- 
ential and algebraic equations.” 

(10) Professor L. P. E1sennart: “A fundamental para- 
metric representation of space curves.” 

(11) Professor A. E. Youne: “ On certain orthogonal sys- 
tems of lines and the problem of determiniiig surfaces referred 
to them.” 

(12) Professor ARNOLD Emcu: “The differential equation 
of curves of normal stresses in a plane field.” 

(13) Dr. A. B. Frizeti: “A set of postulates for well 
ordered types.” 

(14) Professor C. J. Keyser: ‘Sensuous representation of 
paths that lead from the inside to the outside of an ordinary 
sphere in point four-space without penetrating the surface of 
the sphere.” 

(15) Professor Epwarp Kasner: “The subdivisions of 
curvilinear angles.” 
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(16) Mr. R. D. CarmicHaeL: “The general theory of 
linear q-difference equations.” 

(17) Mr. R. D. CarmicHaEL: “ Note on multiply perfect 
numbers.” 

(18) Professor G. A. MiLLER: “ Isomorphisms of a group 
whose order is a power of a prime.” 

(i9) Professor R. G. D. Ricnarnson : “ Theorems of oscil- 
lation for two self-adjoint linear differential equations of the 
second order with two parameters (second paper).” 

(20) Professor J. B. SHaw : “ Quaternion functions of three 
parameters.” 

(21) Dr. J. E. Rowe: “The combinants of two binary 
cubics and their geometrical interpretation on the rational 
cubic curve.” 

(22) Professor U. G. MircHe.i: “Geometry and collinea- 
tion groups of the finite projective plane PG(2, 2°).” 

(23) Dr. G. E. WanLin: “The decomposition of rational 
primes into ideal prime factors in the field k(Vm).” 

(24) Professor L. C. Karpinski: “ An Italian Algebra of 
the fifteenth century.” 

(25) Professor C. H. Stsam: “On hyperconical connexes 
in space of 7 dimensions.” 

(26) Mr. R. E. Roor: “Iterated limits of functions on an 
abstract range.” 

(27) Professor E. B. VAN VLEcK: “On the generalization 
of a theorem of Poincaré.” 

(28) Professor E. B. VAN VLECK: “On the classification 
of collineations.” 

(29) Mr. A. R. Scuwerrzer: “On the philosophy of 
Grassmann’s extensive algebra.” 

(30) Mr. A. R. Scowerrzer: “On the ‘ working hypothe- 
sis’ in the logic of mathematics.” 

(31) Professor W. B. Forp: “A set of sufficient conditions 
that a function may have an asymptotic representation in a 
given region.” 

(32) Mr. W.J. Monrcomery: “The classification of twisted 
curves of the fifth order.” 

(33) Professor WILLIAM MarsHaLL: “On Hill’s differen- 
tial equation in the theory of perturbations.” 

(34) Professor H. BAtEMAN: “ The fundamental equations 
of the theory of electrons and the infinitesimal transformatiou 
of an electromagnetic field into itself.” 
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(85) Dr. N. J. LennEs: “Curves and surfaces in analysis 
situs.” 

(36) Dr. N. J. Lennes: “ Extension and application of a 
theorem of Ascoli.” 

(37) Dr. L. I. NerkrrK: “ Substitution groups of an infinite 
degree and their related functions.” 

(38) Professor JamMEs Maciay: “ Parabolic curves.” 

(39) Mr. J. A. NyBerG: “ Projective differential geometry 
of rational cubic curves.” 

(40) Mr. E. B. Srourrer: “ Invariants of linear differen- 
tial equations with applications to ruled surfaces in five-dimen- 
sional space.” 

(41) Dr. W. D. MacMitnan: “A general existence 
theorem for periodic solutions of differential equations of a 
certain type.” 

(42) Dr. A. R. CRaTHORNE: “ The catenary with variable 
end points.” 

(43) Professor F. R. Mouxton : “ Periodic orbits of superior 
planets.” 

(44) Professor F. R. Mourron: “On the curves defined 
by certain differential equations.” 

(45) Professor F. H. Sarrorp: “ An identical transforma- 
tion of the elliptic element in the Weierstrass form.” 

(46) Professor W. H. Rorever: “Southerly deviation of 
falling bodies (third paper).” 

(47) Professor C. N. Moore: “Convergence factors in 
double series.” 

(48) Professor L. E. Dickson: “On negative discriminants 
for which there is a single class of positive primitive binary 
quadratic forms.” 

(49) Professor L. E. Dickson: “On Fermat’s ‘descente 
infinie.’ 

(50) Professor L. E. Dickson: “On perfect numbers and 
Bernoullian numbers.” 

(51) Professor O. E. GLENN: “ On expressing a quantic in 
terms of assigned powers of a given quantic.” 

(52) Professor G. R. CLemMENTs: “ Implicit functions de- 
fined in the neighborhood of a point where the Jacobian deter- 
minant is zero.” 

(53) Professor R. W. Marriorr: “ Determination of the 
groups of isomorphisms of the groups of order p*.” 

Mr. Nyberg and Mr. Stouffer were introduced by Professor 
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Wilczynski. Professor Marriott’s paper was communicated to 
the Society through Professor Hallett. The papers of Dr. 
Frizell, Professor Keyser, Professor Kasner, Mr. Carmichael, 
Professor Richardson, Dr. Rowe, Professor Mitchell, Professor 
Karpinski, Mr. Schweitzer, Professor Marshall, Professor Mac- 
lay, Professor Safford, Professor Roever, Professor Dickson 
(first paper), Professor Glenn, Professor Clements, and Professor 
Marriott were read by title. 

Professor Curtiss’s paper was published in the June BULLE- 
tin. Mr. Root’s paper and Professor Dickson’s first paper are 
contained in the present number of the BULLETIN. Professor 
Dickson’s third paper appeared in the May number of the 
American Mathematical Monthly. Abstracts of the other papers 
follow below. The abstracts are numbered to correspond to the 
titles in the list above. 


1. At the Minneapolis meeting of the Chicago Section Dr. W. 
D. Macmillan in his paper on “An integrable case in the problem 
of three bodies” discussed the periodic motion of three bodies, 
two of equal mass moving in a circle about their center of 
gravity, the third an infinitesimal moving on a straight line 
drawn through the center of gravity perpendicular to the plane 
of motion of the other two. The paper by Mr. Buchanan 
shows that periodic solutions exist when the third body is con- 
sidered finite. The sclutions are constructed as power series 
in the mass of the third body, the coefficients being power 
series in the initial projection from the plane of motion of the 
other two. The paper shows that periodic solutions exist also 
when the equal bodies move in ellipses and the third is 
infinitesimal. 


2. The differential equation} 


d*x 

dt 

defines x as a doubly periodic function of t. In the first sec- 
tion of his paper Dr. Buchanan shows how to obtain 2 asa 
power series in X, the coefficients of the series being simply 
periodic functions of ¢. It is then shown how to use this series 
in the integration of certain types of linear homogeneous dif- 
ferential equations with doubly periodic coefficients. Lamé’s 
equation is used as an example. 
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The second section is a discussion of the motion of a heavy 
particle on the surface of an anchor ring, using methods similar 
to those discussed in the first section. 


4, In his first paper Mr. Dines considers conditions for the 
existence of a common root of n polynomials in one variable. 
F. Meyer has shown (Jahresbericht der Deutschen Mathematiker- 
Vereinigung, volume 16) that necessary and sufficient conditions 
can be stated in terms of the vanishing of n — | functions of 
the coefficients. These functions are obtained as remainders in 
a process of successive divisions which is a generalization of 
the euclidean algorithm for the determination of the greatest 
common divisor of two polynomials. Foethke, in his disserta- 
tion (Kénigsberg, 1907), has shown by an analysis of the Meyer 
process that under certain restrictions upon the coefficients of 
the polynomials, necessary and sufficient conditions can be stated 
in terms of the vanishing of m— 1 determinants. Mr. Dines, 
by a different method, more like the Sylvester method for 
determining the resultant of two polynomials, shows that neces- 
sary and sufficient conditions can always be stated in terms of 
the vanishing of n —1 determinants. If a certain restriction 
be made involving the coefficients of only two of the polynomi- 
als, these n — 1 determinant resultants can be formed according 
to a very simple law, their elements being coefficients of the 
polynomials. If this restricting condition is not satisfied, some 
of the resultants are complicated, the elements being themselves 
determinants. In certain cases these more complicated deter- 
minants can be reduced to simple ones, and it is possible that 
this is always true. 


5. The second paper of Mr. Dines deals with the solutions 
of the three equations 


P(u, ¥, W; +++, 2,) = 0, (u,v, w; =0, 
X(U, V, W; 


for u, v, and w in terms of the a’s, where $, Ww, and y are 
analytic functions of all their variables in a certain region. If 
the functional determinant D(¢, ¥, x)/D(u, v, w) is different 
from zero at a point (u’, v°, x, +--+, which satisfies the 
given equations, then as is well known, there is a unique set of 
analytic functions u(a,,---,2,), +++, %,) 
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which reduce to v°, w® for 2, = and which satisfy the 
given equations identically in the 2’s. If the functional 
determinant vanishes at a point which satisfies the given equa- 
tions, for simplicity say the origin (0, 0,0; 0,---, 0), there 
are several sets of solutions u(x,, ---, 2%), 
w(a,,-++,2,), Which converge to zero with the 2’s. The num- 
ber and to some extent the character of these solutions are con- 
sidered. It is found that the number is in general /mn, where 
lis the degree of the lowest term of ¢ remaining when the 2’s 
are put equal to zero, m is the degree of the lowest term in yf, 
and nthe degree of the lowest term in’ under the same con- 
ditions. The solutions for any one of the variables u, v, w can 
be found as the solutions of a polynomial of degree /mn in this 
variable, with the coefficient of the highest power unity, and 
the coefficients of the other terms power series in the ’s 
vanishing with the 2’s. This is a generalization of the method 
given by the Weierstrass factor theorem for obtaining the 
solutions of a single equation with a single dependent variable, 
and of the method given by Professor Bliss for obtaining the 
solutions of two equations intwo dependent variables. Ina 
certain neighborhood of the origin, excluding certain point 
sets of lower dimension than the neighborhood along which 
some of the lnn sets of solutions coincide, the solutions are 
found to be analytic. 


6. At the Minneapolis meeting of the Chicago Section Dr. 
MacMillan showed that a system of two power series in two 
dependent variables could be reduced to a system of two poly- 
nomials. In the present paper he shows that a system of any 
number of power series in the same number of dependent 
variables and of any number of independent variables can be 
reduced to an equivalent system of polynomials, provided the 
power series vanish at the origin and provided also there is a 
certain determinant distinct from zero. The word “ equivalent ” 
is to be understood as meaning that the power series set equal 
to zero admit the same solutions in the neighborhood of the 
origin as do the polynomials set equal to zero, and conversely. 
By means of this reduction he shows that the system has « 
solutions in the neighborhood of the origin, « being the product 
of the orders of the power series. 


7. In his second paper Dr. Macmillan shows that if x,, ---, 
x, are defined implicitly as functions of parameters p,, ---, 4, 
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by means of the equations +--+, My 
1, ---, ”), where the fi are analytic in +++, My 
and regular for x, = --- = 4, = 0, and if the terms of lowest 
degree in the expansions +++, 0,30, +0) are of degree 


d,, then the system of equations f, = 0 admits Il d, solutions 
i=1 


for +++, x, which vanish with y,, ---, 

If there is but one parameter yu, these solutions are expansible 
as power series in integral or fractional powers of yw. In the 
present paper Dr. MacMillan shows how Newton’s polygon 
can be used for finding the forms of the solutions. The first 
terms in the expansions of the solutions are determined by the 
solutions of sets of algebraic equations of degree not exceed- 
ing d; The terms beyond the first can be obtained by the 
solution of a set of equations ---,&; (i=1, 

--,), whose functional determinant is in general distinct 
from zero. 

If there are more parameters than one, say #,, ---, #, the 
solutions are not, in general, pappanible as power series in ‘inte- 
gral or fractional powers of +++, 


8. At the last meeting of the Chicago Section Dr. Moore 
reported on a theorem whose hypothesis may, with some modi- 
fications, be stated as follows: 

G isa limited point set in space of n dimensions. G, is a 
subset of G of measure 0. G,,, G,,, ---, G,, are, for each 
value of the positive integer n, non-overlapping subsets of G 
whose interior measures are by Cony ***9 Cnn 
tively. 11,5 Tind Ton? °° are Feal whose 
totality taken for all values of n is a bounded set of values. 

For any given point P and given value of n, ip, is to have 
meaning only if there exists a positive integer i(é Sn) such that 
G,, contains the point P. In case such value of 7 exists it is 
to be designated by the symbol z,,. If P is a point of G, not 
belonging to G,, and such that for an infinite sequence of values 
of n, ip, exists (as mon sine), then if n is confined to this 
sequence lim, (Tin — )=0. 


in~in 


Finally lim,_.. é,, exists. 


It was shown that if the above hypothesis is satisfied then 
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the following conclusion results : 


lim,_. >_7.,¢;, exists and equals lim,_,. >> 
i=1 i=1 
Dr. Moore proposes to apply this theorem to the transforma- 
tion of double integrals. 


10. In 1848 Serret proposed the problem of solving the dif- 
ferential equation ds* = dz* + dy*,+ dz’, where s, x, y, z are func- 
tions of a single parameter, and he obtained a general method 
of solution. Darboux has discussed the same problem on two 
occasions, but it remained for Montcheuil, in 1905, to obtain a 
simple explicit solution, however, as a by-product of an entirely 
different problem. This solution is 


— uy! + 


where ¢ and wy are arbitrary functions of u and the primes 
denote differentiation with respect to u. Professor Eisenhart 
shows that for the general space curve such a parameter u can 
be obtained in two ways, the exceptions being that for minimal 
curves and curves in an isotropic plane there is only one such 
parameter and that both parameters u are constant for straight 
lines. When the equations are written in this form, the deter- 
mination of curves congruent in the euclidean sense reduces to 
the integration of a Schwarzian equation {u, s} = G(s); conse- 
quently this investigation has close contact with recent work by 
Study. Curves of zero curvature and curves on the sphere of 
zero radius are readily studied when the above form of equa- 
tions is used. One has also at once expressions for minimal 
curves in 4-space analogous to the Weierstrass formulas for 
minimal curves in 3-space. It is significant that a necessary 
and sufficient condition that a curve be algebraic is that x, y, z 
be algebraic functions of vu. When it is desirable to deal en- 
tirely with real curves, the equations can readily be put in a 
more convenient form. 


11. In a recent paper (American Journal of Mathematics, 
volume 32, No. 1), Professor Young discussed the problem 
of the spherical representation from the standpoint of the 
point coordinates, making use of the fundamental equations in 
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the Bonnet form. The present paper in many respects is a 
generalization of that. There the lines of reference were 
assumed to be lines of curvature on the surfaces, a condition 
which simplified considerably the equations involved and 
limited the results of solvable cases to particular surfaces. In 
the present paper, assuming in the first place that the lines of 
reference are merely orthogonal, a classification of certain such 
lines is made, based upon the fact that if these are chosen as 
lines of reference the most important of the fundamental equa- 
tions, a Laplace equation, is integrable. These lines, which 
appear upon all surfaces, are called invariant lines as they are 
defined by equations which require that an invariant of a 
Laplace equation which belongs to the sequence formed from 
the given Laplace equation shall vanish. 

A second classification of orthogonal lines, principal lines, 
as they are called, has been made, and the basis for this classi- 
fication is the fact that the determination of such a set of lines 
on a surface makes possible the determination of another by 
algebraic methods from the known functions of the first. The 
second surface is an associate of the former, and hence its 
determination makes possible a deformation. Principal lines 
may or may not be invariant lines. Lastly, Professor Young 
has discovered a method for determining whether a surface is 
isothermic or not by algebraic methods requiring no quadra- 
ture and no reference to lines of curvature. This makes pos- 
sible the extension of a very important theorem for the deter- 
mination of a sequence of isothermic surfaces from any given 
one, so that the lines of reference need no longer be lines of 
curvature but may be any orthogonal system of lines whatsoever. 


12. The stresses around a point (x,, y,) of a plane field are 
determined if the stresses acting on any two sections through the 
point are known. Assuming any analytic curve y—y,= f(x—2,) 
referred to cartesian coordinates, the stress P at the point 
(x,, y,) acting on a section tangent to the curve will be an 
analytic function of the coordinates and the slope 


(1) P=6(2, 


Designating the slope of P by dy//dz’ it is known that the 
directions of corresponding sections and stresses form an involu- 
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toric pencil, so that 
dy’ a-dy/de+b 
(2) e-dy/dx — a’ 


where a, b, ¢ are functions of x, and y,, determined by the con- 
ditions of the field. 

The problem of Professor Emch’s paper is to determine 
those curves for which corresponding tangent sections and 
stresses are normal and which, when considered as_ perfectly 
flexible but inelastic under the sole action of these stresses, 
remain in equilibrium. Writing dy/dx =p, the differential 
equation of this curve is found to be 


dp 


As an example, the field represented by the hydraulic pressures 
in a vertical plane through a fluid is worked out. Choosing a 
cartesian system in this plane with a horizontal and vertical 
axis, it is found that in this case the curves may be represented 
by elliptic integrals of the first and second kind. The differ- 
ential equation for the orthogonal trajectories is obtained by 
replacing in (3) pin terms of p’ = dy'/dzx’ from (2), i. e., by 
putting p’ =(ap + b)/(ep — a). 


13. In Cantor’s process of definition the higher well ordered 
types are inextricably connected with the alephs by the notion 
of Abbildung. The alephs having proved unmanageable, it 
seems desirable to reject this idea and proceed simply according 
to the familiar postulates of arrangement. For example, in the 
second class, if we write a’= a” =, etc., no one undertakes 
to form a working concept of the set of symbols between »” and 
w'Y by counting successive @-series and assigning to each a limit 
symbol as starting point for a new one. Instead we insert 
between and the set where a runs through the pre- 
viously defined set from ” to w”, and then between successive 
numbers of this new set interpolate in like manner other sets by 
the rules which yielded the lower symbols. Dr. Frizell makes 
use of this procedure to obtain a postulational definition of the 
second and higher classes of ordinal types. 


14. By means of a transformation correlating the points of 
four-dimensional space S, with the spheres of ordinary space 
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S,, the spheres of real center and pure imaginary radius being 
included, Professor Keyser’s paper shows how to render evident 
to spatial intuition the existence of point paths in S, that lead 
from the inside to the outside of an ordinary sphere without 
penetrating the surface and indicates how to make a simple 
physical model composed of spheres enabling one to distinguish 
by sight or touch the paths in question from those involving 
penetration of the surface. 


15. Stated in the simplest case, that of bisection, the problem 
discussed by Professor Kasner is as follows: Given an angle 
whose sides a and 6 are analytic ares, to construct through the 
vertex an are ¢ so that (Schwarz) reflexion in c shall inter- 
change the sides. The general problem is fundamental in con- 
formal geometry. For angles incommensurable with respect 
to 7, solutions always exist ; but for commensurable angles the 
problem is possible only when certain invariants vanish. 


16. By means of a transformation of the form 
z= (mx + + the system of functional equations 


in the n unknown functions H,(z), ---, H(z) may be trans- 
formed into the system of difference equations 


(2) G(a+1)= G2) (i=1, ---, n) 
j= 
or into the system of q-difference equations 
(3) G(qz) = d, (x) (i=1, ---,n) 
j= 


according as the substitution z’ = (az + b)/(cz + d) has one or 
two double points. The essential properties of the solutions of 
(2) are known. (See the author’s thesis and a paper by Pro- 
fessor Birkhoff in the Transactions, April, 1911, where references 
to the earlier literature are given.) 

In the present paper, Mr. Carmichael proves the existence 
and obtains the fundamental properties of the solutions of a 
system of q-difference equations (3) for the case|q| + 1. In 
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many respects the theory is analogous to that of system (2), and 
the two theories interact in such a way that each throws light 
on the other. There is a fundamental system of solutions of 
simple character at zero and one of simple character at infinity. 
A study of the relations between these two systems of solutions 
gives rise to a theory analogous to the remarkable Birkhoff 
characterization of the solutions of a system of difference 
equations. 


17. If the sum of all the divisors of an integer N is mJ, 
where m is an integer, NV is said to be a multiply perfect num- 
ber of multiplicity m. Forty-one multiply perfect numbers 
are known ; the most of them have been discovered by Euclid, 
Mersenne, Fermat, Descartes, Lucas, Lehmer, and Carmichael. 
It appears that the only rules heretofore known for determining 
these numbers, when the multiplicity is greater than 2, are 
those of Descartes (Oeuvres 2, pages 427-429) ; and even these 
are effective in only a few cases. After a short historical 
account of these numbers, Mr. Carmichael gives some simple 
rules which may be applied to known multiply perfect numbers 
in order to find others. The effectiveness of the rules in a 
favorable case is seen in the fact that if they are applied to a 
certain number given by Lehmer they lead at once to thirteen 
other multiply perfect numbers, all of which are new. The 
paper closes with a table of multiply perfect numbers. This 
credits to the discoverer each of the forty-one numbers which 
have previously been published. It contains in addition forty- 
two numbers which are new. 


18. After observing that the group of isomorphisms of a 
group of order p” cannot involve any operator whose order is 
divisible by p”, Professor Miller determines all the groups of 
order p™ whose groups of isomorphisms involve operators whose 
orders are either p”~' or p”-*, p being any prime number. 
When p is odd, the cyclic group of order p” is the only possi- 
ble group of this order whose group of isomorphisms involves 
operators of order p"~'. When p = 2, the group of isomorph- 
isms of the cyclic group of order p” involves no operator whose 
order exceeds p”~*, but both the dihedral and the dicyclic group 
of order p” have operators of order p”—' in their groups of iso- 
morphisms. Hence there are exactly two groups of order 2”, 
m > 3, which have operators of order 2”~' in their groups of 
isomorphisms. 
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A necessary and sufficient condition that the group of iso- 
morphisms of a group of order p”, p > 2 and m> 4, involves 
operators of order p”~* is that the group itself involves opera- 
tors of order p”~‘. Hence there are two and only two groups 
of order p”, p> 2 and m> 4, which have operators of order 
p™ in their groups of isomorphisms without having also oper- 
ators of order p”~' in these groups. When p= 2 and m> 5, 
there are 13 groups of order p” whose groups of isomorphisms 
involve operators of order p”~*.. An important theorem which 
was proved incidentally may be stated as follows : 

If a group of order p”, p > 2 and m> 4, contains no oper- 
ator of order p”—', the number of its subgroups of order p* which 
do not include any operator of order p* is of the form 1 + kp. 

In particular, if a group of order p”, p > 2, and m > 4, does 
not contain any operator of order p”—", it contains an invariant 
subgroup of order p* which does not involve any operator of 
order p’. 


19. As an extension of the results reported to the Society in 
December 1910, Professor Richardson has derived necessary 
and sufficient conditions for the existence of solutions w(x), v(y), 
of the equations 


(pwy+ qu (AA,, 0, 
(AA, (p(x) >, p(y) > 0), 


which satisfy the boundary conditions u(a,) = u(d,) = 0: 
v(a,) = v(b,) =0 and oscillate m and n times respectively. The 
problem is divided into six cases corresponding to different 
forms of the functions A,,, A,,, A,,, 4,,. In two of these cases 
there always exist solutions ; in the other four the necessary and 
sufficient conditions are nearly identical. For example, when 
A,,= 0, A,, = 0, A,,, A,, arbitrary, it is necessary that 


A, > 21 u> A,, 
min =min A ~, max => max 
12 22 12 22 
or that 
A,, A,, Ay <= 
12 22 12 22 


When the equality sign is omitted these conditions are sufficient. 
The oscillation theorem for the equation 


+qyt+rAAy=9 (p(x) >0, 


| 
| 
| 
—O 
| 


520 THE CHICAGO MEETING OF THE SOCIETY. [July 


where q(x) is positive in at least a part of the imterval and A(z) 
takes both signs, may be stated as follows: The necessary and 
sufficient condition that there exist a solution which oscillates 
n times in the interval is that n=n,, where n, is the number of 
zeros within the interval 0, 1 of that solution of ( py’) + qy =0 
which vanishes at x = 0. 


20. In Professor Shaw’s paper the quaternion q is considered 
as a function of three scalar parameters u,, U,, Us, 
Ugy Us)» 


The properties of the related operator 


rs) 
and of 
ro] 


are considered. The differential parameters for a function 
W(U,, Uy Uy), dependent for its value on the same scalars as q, 
are expressed in terms of 6. The differential geometry of a 
curvilinear three-dimensional space in a four-dimensional flat 
space furnishes an application. The paper is a first generali- 
zation of that read at Minneapolis in December. 


21. In Dr. Rowe’s paper the equations of a rational cubic 
curve are written 


(1) wv, = af + 3bf+ 3et +d, (i =0, 1, 2). 
Two lines (x) = 0 and (nx) =0 cut (1) in the two binary 
cubics 
(2) (a&)@ + 3(bE)P 4- 3(cE)t + (dé) = 0, 
(3) (an) + 3(bn)? + 3(en)t + (dn) = 0, 

= + ,€, + 


The combinants of (2) and (3) are expressible in terms of 
the two-row determinants of the matrix 


(ae) (bE) (a8) | 


(an) (bn) (en) (dn), 
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and if the coordinates of the point in which (&) and (nx) inter- 
sect are replaced by «x,, x,, x, respectively, then any two-row 
determinant of (4) such as | {5 (| becomes the three-row 
determinant 

b, 


(5) | abe |=|a, b, 2). 


a, 6, x, 


Consequently, corresponding to the combinant of (2) and (3) 
are curves which are covariants of the R*. 

The Jacobian of (2) and (8) is a binary quartic in ¢ whose 
coefficients are of degree one in three-row determinants of the 
type (5). Let us call it (at)‘=0. Its roots are the parameters 
of the four tangents from any point to the R*. 

If we form the osculant conic of (1) at a point ¢’, its point 
equation contains ¢ to the 4th power. If now ¢ is made variable, 
we have a second binary quartic in ¢ whose coefficients are of 
degree two in determinants of type (5). Let us call it (At)*=0; 
for any given point this gives the parameters of the four oscu- 
lant conics through the given point. 

If P is the covariant line of R* cutting out its flexes, and Q 
the product of the three flex tangents of the A, then the simul- 
taneous invariants of (at)* = 0 and (t)* = 0, which are com- 
binants of (2) and (3), are expressible in terms of P and Q. 
In this way covariant curves of the R* defined by projective 
relations among the roots of (at)* = 0 and (8t)* = 0 are expressed 
in terms of P and @Q and their geometrical interpretation is 
given. 


22. It is the purpose of Professor Mitchell’s paper to discuss 
some of the properties of the finite projective plane PG(2, 2”) 
and in particular to determine all subgroups of the group of 
all projective collineations in PG(2, 2”). If an outside point 
of a conic be defined as any point of intersection of tangents to 
the conic, it is found that in PG(2, 2") every conic has but one 
outside point and all tangents to the conic concur at that point. 
The types of collineations in PG(2, 2”) are found to be the 
same as in the ordinary projective plane, except that in Type I 
all of the fixed elements may be imaginary. It is shown that 
every subgroup of the group G,,,,., of all projective collinea- 
tions in the PG(2, 2”) except a self-conjugate G,,,,,, leaves in- 
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variant a real figure or an imaginary triangle. Subgroups are 
determined which leave invariant a point, a line, and an imag- 
inary triangle. The other subgroups are the simple G,,,, the 
Hessian G,,,, the simple G,,,, and their subgroups. The G,,,, 
G,,,, and G,,, are all consequently subgroups of the G,,,,,. and 
in the PG(2, 2”) the geometric invariant of each group is a 
real configuration. 


23. In volume 11, number 4 of the Transactions, Professor 
Westlund published an article on the fundamental number 
of the field ki VY m) in which he showed the nature of the decom- 
position of p and the rational prime factors of m in this field. 
In the present paper Dr. Wahlin shows how any rational prime, 
different from these, is decomposed into ideal prime factors in 
the same field, giving the number of factors and their degrees. 


24. The Plimpton library contains several algebraic manu- 
scripts of the fifteenth century. Doubtless the most important 
of these is the Italian manuscript on vellum which contains 
numerous biographical notes of Italian teachers of mathematics 
prominent in the fourteenth and fifteenth centuries. The study 
made by Professor Karpinski of this Algebra shows that the 
first chapter dealing with algebra is largely a translation of 
Mohammed ben Musa Al-Khowarizmi’s Algebra. This may 
well be the translation supposed to have been made by William 
de Lunis although the reference here to this man is not suf- 
ficiently definite to settle the matter. The fourteenth chapter 
(second on algebra) presents 114 problems from a work on 
algebra made by an otherwise unknown Maestro Biagio. The 
fifteenth chapter is from the Algebra of Leonard of Pisa. 

This paper will appear in the Bibliotheca Mathematica. 


25. The name hyperconical connex in space of 7 dimensions is 
used in Professor Sisam’s paper to denote the locus of the pairs 
of points (x) and (y) in space of r dimensions whose coordinates 
satisfy an equation F(x,, +--+, Yo ¥,) = 0, where F is 
homogeneous of degree m in 2, ---, x, and of degree n in 
Yo +++, y, and satisfies the condition that, if the point (2) is 
fixed, the resulting hypersurface F(y) = 0 is a hypercone with 
vertex at (x). It is shown that if m>n, F=0 determines 
the principal coincidence of a point-line connex, and if m=n 
it determines a line complex. These loci are then studied by 
means of the above equation. 
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27. The first paper of Professor Van Vleck gave for a sys- 
tem of linear difference equations a generalization of the follow- 
ing well-known theorem of Poincaré: If the coefficients P,(n) 
of the difference equation 


u(n + m) + P,(n)u(n + m—1)4+ --- +P (n)u(z) = 0 


have for n = + o the limits A,, and if the roots of the cor- 
responding auxiliary equation 


Aa 4.--+A =0 


are no two of equal moduli, then the ratio u(n)/u(n — 1) will 
have a limit for n = + oo, and this limit will be one of the 
roots of the auxiliary equation. 


28. Professor Van Vleck’s second paper sought a basis for 
the classification of collineations in the iteration of the given 
finite collineation. This basis has the advantage of bringing 
into close connection the classifications from the standpoints of 
Segre and of Lie, and is worked through in detail for space of 
three dimensions. It is expected that the paper will appear in 
the near future, and a lengthy abstract is therefore omitted. 


29. Mr. Schweitzer investigates the philosophy which under- 
lies the introduction of Grassmann’s Ausdehnungslehre of 1844. 
Its most striking feature is perhaps its manifoldness : concep- 
tions of Parmenides, Heracleitos, Plato, Aristotle, Descartes, 
Kant, Jacobi (cf. Fries) are clearly evident. The key to this 
variety is probably found in the mediating philosophy of 
Schleiermacher, who seems to have had fundamentally a Hera- 
cleitean motive. Without attempting to express in final or 
most reduced form the set of general conceptions of Grass- 
mann’s philosophy, the author roughly divided these into two 
classes, objects and acts. 

I. Objects: opposition and harmony, being and becoming, 
representation (copy), flow, change, uniformity, law, valuation, 
purpose, predominance. Subsidiary to opposition are: within 
and without, preceding and following, general and particular, 
one and many, identity and diversity. 

II. Acts: thought, division, analysis, generation, synthesis, 
giving and coupling. 

In his well-known treatise on geometry Veronese seems 
closely to follow Grassmann’s philosophical introduction as a 
general basis for his specific development. 
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30. In his second paper Mr. Schweitzer considers methods 
of control of mathematical content. He discussed the neces- 
sity of universals for the (genetic) logic of mathematics and 
referred to Grassmann’s “ guiding conception,” the “ intuition ” 
of Klein, and Moore’s “heuristic principle” as expressions of 
this need. Finally, Russell’s Principles of Mathematics was 
examined for evidences of induction. 


31. Let f(x) be a function of the complex variable x analytic 
within and upon the boundary of a certain infinite region 7, 
exception being made of the point x = oo. Under these cir- 
cumstances, f(z) may or may not be developable asymptotically 
throughout 7’ in the form 


(1) ~ G9 + + + 


It is the object of Professor Ford’s paper to determine a set 
of sufficient conditions for f(x) under which the existence of 
the development (1) will be assured. Two theorems are estab- 
lished, corresponding to the cases in which z is complex or 
confined to a real interval, and application is made to certain 
studies connected with the existence of asymptotic solutions 
for linear differential equations. 


32. It can be shown that with respect to the irreducible 
surfaces of lowest order which may contain the curve as partial 
intersection, irreducible twisted quintic curves can be classified 
as follows : 


(1) C+ R,=(Sy 8), 
(3) +R, = (8, 


a) R,, quartic of the second kind, 
_b) R,, improper quartic of the second kind, 
where C, denotes the curve in question, R, the residual inter- 
section of order X, and S,, 8, the surfaces of order mw and v 
whose complete intersection is C, + R,. 
Mr. Montgomery effects the classification of all irreducible 
twisted quintics by means of the system (m, n, r, h, H, g, G, 
x, y, 4, 8, y, L), which are characteristics of the ‘system of 
points, lines, and planes of the developable of which the twisted 
curve is the cuspidal edge. These characteristics are connected 
by the six Pliicker-Cayley equations which, involving 13 
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quantities, are not sufficient for the complete solution ; and con- 
sequently two of the characteristics, y and L, are independ- 
ently considered. The curves are also classified with respect 
to monoids, and a special discussion of the quintic with a triple 
point is given. There are thus obtained 42 different irreducible 
twisted quintic curves. 


33. The object of Professor Marshall’s paper is to present 
a method of solving Hill’s differential equation for large values 
of the argument. A special case is considered in detail, the 
form of the function determined, and the recurrence formulas 
for the coefficients given. Incidentally it appears that the 
results obtained include as special cases the asymptotic expan- 
sions for Bessel’s functions, for the elliptic cylinder functions, 
and for the harmonic functions associated with the parabolic 
cylinder. The application of the method to the general equa- 
tion is briefly discussed. 


34. It was Lie’s belief that the processes which take place 
in nature can be represented mathematically by a succession of 
infinitesimal transformations for which the laws of the universe 
are the invariants. In Mr. Bateman’s paper, Lie’s idea is 
applied to an electromagnetic field and transforinations which 
convert the field into itself are obtained on the supposition that 
three particular integral forms remain invariant in the passage 
from one view of the universe to another. 


35. In his dissertation (Chicago, 1907) Dr. Lennes defined 
a continuous are connecting two points A and B as a bounded, 
closed, connected set of points containing A and B but having 
no connected proper subset containing A and B. In the 
present paper it is shown that this definition applies without 
any change whatever to arcs in space. A simply connected 
closed continuous surface is defined as a closed, bounded, 
finitely connected set [S] of points such that 

(a) No simply connected subset separates the remaining points. 

(6) Every doubly connected subset separates the remaining 
points into two connected sets. 

It is proved that this set of points may be mapped con- 
tinuously on a tetrahedron and that it separates a three-space 
in which it lies into two connected sets. It is further shown 
that obvious modifications of the above definition give a 
multiply connected surface. 
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36. Ascoli has shown that if an infinite set of curves connect 
two fixed points, a necessary and sufficient condition that every 
infinite sequence of curves of this set shall approach at least 
one limiting curve uniformly is that the set of curves is equally 
continuous. In Dr. Lennes’s second paper this theorem is ex- 
tended to surfaces and also to curves whose end points are in 
two separate closed sets of points and not fixed as in Ascoli’s 
theorem. 

The generalized theorem is then used to make proofs of very 
general theorems on the existence of minimizing curves and 
surfaces. ‘The existence of the limiting curves and surfaces is 
treated from the non-metric point of view. 


37. Dr. Neikirk’s paper is a continuation of that presented 
by him to the Chicago Section at Minneapolis in December. 
It contains a more detailed study of the properties of infinite 
substitutions and the generalization of several important 
theorems on rational functions. 


38. From a point (&, 7) in the plane n tangents proceed to 
a parabolic curve of the form y=a,+a,7+---+a2". Let 
k represent the projection on the x axis of the tangent length 
from the point of contact to (€, 7). Professor Maclay’s paper 
determines the elementary symmetric functions of the k’s in 
terms of the point (&, 7) and the coefficients of the curve. The 
relations of the symmetric functions and functions of the sym- 
metric functions to movements of the point (&, 7) and to trans- 
formations of the plane are treated. 

Two results may be stated. For any point (&, 7) and for 
every parabolic curve =(1/)=0. The second result is ex- 
pressed in the equation k,k, --- k, = L/(n — 1)a, in which L is 
the distance from (&, 7) to the curve measured on a parallel to 
the y axis. For the ordinary parabola, i. e., n = 2, the ele- 
mentary symmetric functions reduce to the two just given. 
Interpreted with reference to the parabola, they state that if 
the parabola be translated parallel to the direction of its prin- 
cipal diameter, the intercepted tangent lengths between the 
old and new positions project into equal lengths on a line per- 
pendicular to the principal diameter. 


39. In his Projective Differential Geometry of Curves and 
Ruled Surfaces Wilczynski has given a geometrical interpretation 
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to the seminvariants, semi-covariants, invariants, and covariants 
of a linear differential equation of the third order. The funda- 
mental solutions y,,,, y, of the differential equation are interpreted 
as homogeneous coordinates of a point P, in a plane; as the inde- 
pendent variable changes, P, describes a curve C,. The semi- 
covariants, z and p, define points P, and P,' in the plane. 
Taking P,, P,, P, as the vertices of a triangle of reference, the 
equation of the osculating conic at P, of the curve C, assumes 
a very simple form. The application of these interpretations, 
the determination of the cartesian equation of the osculating 
conic, of the Halphen point of P,, and the locus of a covariant 
expression P., when C, is a cubical parabola, semi-cubical 
parabola, cissoid, and folium, are the subject of Mr. Nyberg’s 
paper. 


40. Professor Wilczynski has proved that the theory of non- 
developable ruled surfaces in ordinary space can be put into 
relation with the theory of a system of two linear homogeneous 
differential equations of the second order. Mr. Stouffer extends 
this notion to ruled surfaces in five-dimensional space and 
shows that the projective properties of every surface of this 
kind, which does not belong to a certain exceptional class, can 
be obtained by studying a system of two linear homogeneous 
differential equations of the third order. The ruled surfaces 
to which the theory does not apply are those which have three 
consecutive generators in the same space of four dimensions. 


41. Given a system of differential equations 


dz, 


in which the jf; are analytic in x, and mw and regular for 
x, = » = 0, and, with respect to t, are continuous and periodic 
with the period 2m; the Cauchy-Poincaré existence theorem 
states that the solutions of (A) exist and can be expanded as 
power series in » and the initial values of z,, ---, x,, the coef- 
ficients of these power series being functions of t. 

Dr. MacMillan shows that if 


dx, 
(B) 


are the linear terms of (A), then the solutions of (A) are ex- 
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pansible as power series in » and the constants of integration 
of the system (B) and converge if these constants are sufficiently 
small. 

By means of the expansions in this form it is shown that if 
periodic solutions with the period 2«7 as power series in the 
parameter 


(C) t) 


can be found which formally satisfy (A), then the solutions (C) 
exist and converge for all values of t, provided y is sufficiently 
small. 


42. The problem of the position of equilibrium of a heavy 
cord with one end point fixed and the other movable on a given 
curve has been discussed by Kneser as a problem in the calculus 
of variations. Dr. Crathorne considered this problem for both 
end points movable on given curves K, and K,, and in par- 
ticular discussed the Jacobi condition. The resulting curve is 
a catenary intersecting K, and K, at right angles. The rela- 
tions between the critical points and the curvature of K, and 
K, at their intersections P, and P, with the catenary were 
given. In the case in which the catenary approaches the 
convex side of both the fixed curves the Jacobi condition is 
satisfied. In the other cases the fulfillment of this condition 
depends on the curvatures of K, and K, at P, and P,. Also, 
if P, and P} represent the critical points of K, and K, respec- 
tively, then P; cannot lie between P, and P}. This is 
analogous to Bliss’s condition in the non-isoperimetric problem. 


43. Periodic solutions of the problem of three bodies fall 
into a large number of classes which require somewhat different 
modes of treatment. The class of orbits considered by Pro- 
fessor Moulton in this paper is that in which two finite bodies 
describe circles, while a distant infinitesimal body moves in the 
plane of their motion subject to their attraction. The orbits 
discussed are those whose period is the synodic period of revo- 
lution of the infinitesimal body. The solutions are regular 
analytic functions of various parameters among which is the 
energy constant. Fora given value of the constant there are 
six geometrically distinct orbits in three of which the motion 
is direct and in three of which it is retrograde. For small 
values of the parameter only two of the orbits are real. 
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44, The differential equation treated in Professor Moulton’s 
second paper is 


where the a, are constants. This equation includes as special 
cases those defining elliptic and hyperelliptic functions, as well 
as many others which arise in physical problems. Discussion 
is made particularly of the solutions which are periodic. Con- 
venient methods of obtaining their periods and explicit repre- 
sentations are developed. In case the right member is a poly- 
nomial in 2 the precise domain of validity is found. These 
results include new and useful expansions of the elliptic func- 
tions. The Legendre elliptic functions of real period are 
explicitly developed to the twelfth power of the modulus inclu- 
sive, and it is proved they are valid for all real finite values 
of t. 


45. The transformation employed in Professor Safford’s 
paper is quadric and irreducible. It is based upon a formula 
given in Weierstrass’s lectures and published in a dissertation 
by G. G. A. Biermann. This formula may also be found in 
Enneper, Elliptische Functionen, § 5, and in Greenhill, Elliptic 
Functions, § 150. 


46. Professor Roever derived for the southerly deviation of 
a falling body the expression 


(1) 4 sin cos 5(09/08), 


in which h is the height through which the body falls, ¢ and g, 
the latitude and the acceleration respectively at the point P, 
from which the body falls, » the angular velocity of the earth’s 
rotation, and & (southerly) distance measured along the meri- 
dian which passes through P,. If f(r, 2) (where r represents 
the distance of a general point from the earth’s axis of rotation 
and z that from a plane 7 perpendicular to this axis) represents 
the potential function of the field of force /’,, under the influ- 
ence of which the falling body moves after its connection with 
the rotating earth has been severed,* 


* The potential function of the field of force F,, under the influence of 
which the plumb-line is in equilibrium, is f,(r, 2) =f,(r, z) + 40%. 


da +o 

dé 
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O8 (3) + 
0 


the subscript , denoting that the derivatives are computed for 
the point P(r =7r,,z=42,). Expression (1) is equal to the 
difference &, — &,, where 


4 sin cos + (09/28), (29/28)o 
69, Io 


In order to show what &, and &, represent, let us denote by R 
the plumb-bob of the plumb-line which is supported at P, and 
has the length h = PR, and by 7’ and S the points in which the 
direction of gravity at P, and the path of the falling body pierce 
the level surface of R, respectively. Then &, and &, are the dis- 
tances, measured along a meridian, which the circles of latitude 
of S and R lie to the south of the circle of latitude of 7, and the 
southerly deviation of the falling body is the distance which 
the circle of latitude of S lies to the south of thatof R. In 
existing formulas the part &, has been entirely neglected. In 
the formula of Gauss (3 sin ¢ cos ¢ w?/g,-h*) this is due to the 
assumption that g is constant and therefore that (0g/0&), = 0. 
For the potential function for which the standard spheroid is a 
level surface,t — &, is eighteen times as great as &,, and the 
southerly deviation &, — &, is four and one half times as great 
as the expression given by Gauss. 


47. Cesaro’s definition of a series & times indeterminate for 
the case of a simple series can be extended to double series. 


M 2 Dat 
= 


where p? = r? + z*, e= .00167, M and p, are mass and mean radius of earth. 
See Poincaré, Figures d’ Equilibre d’une Masse fluide (1902), Chap. V. 


= 
= 
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We form 
i=0 j=0 
where 
mn 
and 


m+k n+k 
Then if S®,/A®.,, approaches a limit as m and n become in- 
finite, whereas ge })/ does not, we say that the series 
is k times indeterminate, "and that its sum is equal to the above 
limit. 

The principal result of Professor Moore’s paper is the proof 
of the following theorem: If the series Ya, , is k times inde- 
terminate with sum S and furthermore S®, / A®, remains finite 
for all values of m and then the series ra, 8) will 
converge for positive values of a and 8, its value F(a, 8) will 
be continuous for such values, and finally 


lim F(a, 8)=§, 


a=+0, B=+0 


provided the convergence factors f, (a, 8) are continuous for 
a, 8>0, and satisfy the following conditions : 


M2, v2 
(2) | AY 

M1, V1 a B> 0 
(6) limm*f,,=0, limn*f, ,=0, limm'n'f, ,=0, 


(c) lim (i=1, 2,3, ---; j=1, 2, 3, ---), 


a=+0, B=+ 


where K is a positive constant, are any four positive 
integers, and na is used as an abbreviation for 


49. The second paper by Professor Dickson deals with 
Fermat’s sketch of his proof that no right triangle with rational 
sides can equal a square with a rational side. Fermat (Oeuvres 
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3, Paris, 1896, page 271) states that if & = n? + 20? it is easily 
proved that € itself is of the form r? + 2s". It is of the nature 
of an anachronism to complete the proof, as did Legendre, 
Théorie des nombres, Paris, 1808, page 342, by means of the 
theory of quadratic forms, or, as did Bachmann, Niedere 
Zahlentheorie 2, page 451, by means of the properties of the 


integral algebraic numbers x +yV—2. Very likely Fermat 
had a proof of the following nature. Set e= 3(€ + 7), f=3(E—7). 
Then e, f, and ef = 36? are integers, and e, f are relatively prime. 
By changing the sign of », if necessary, we may assume that 
eisodd. Then e= 7’, f= 2s, F=e+ f= + 

Fermat then considers the right triangle with the legs r? and 
2s* (and hence of area a square). Its legs may be expressed 
in the form 2m,n, = 2s” and m?—n? = r*, where m, = ai, n, = 0, 
by the earlier argument. Then (m? + n?)? =r* + 4s* = a’. 
Hence at +64=a. For integral values, a? + bij =at + Of, 
a<a’?+b*. Hence we have proved Fermat’s assertion that 
a? + <a? + 


51. The first part of Professor Glenn’s paper is devoted to 
the development of a binary form a® (n = py) in a series of 
ascending powers of a given form a“. The general develop- 
ment is obtained. The necessary and sufficient conditions are 
then established that a” be a sum of multiples of prescribed 
powers of a. A special case of these results is Hilbert’s 
covariant which expresses by its identical vanishing the neces- 
sary and sufficient conditions that a” be the vth power of a 
(Mathematische Annalen, volume 27). 


52. Professor Clements considers the transformation 


c= f(u,r) y= (u,v), 


fand ¢ denoting functions of the complex variables u and tv, 
single valued and analytic throughout some neighborhood R of 
u= 0, v= 0, and satisfying the conditions 


JO, 0) = 0, $(0, 0) = 0, 


The behavior of the inverse solution u = f(x, y), v = $(a, y) in 
the region R for (x, y) into which T carries R, is considered. 


L 
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It is shown that no inverse can exist, single valued and analytic 
throughout R; that if (Jf and ¢ admit no common factor in R, 
there always e exists an inverse, continuous and multiple valued 
throughout R, the branches coming together with value zero in 
= 0, y = 0. 
-A more general set of equations 


Yp) =O (i= 1, 2, ---, p), 
where 
(1) the f, are analytic functions of all their arguments in a 
certain region, and f,((0) ; (0)) = 0; 


(2) +0 when(zx) =0, (y) =0; 


(3) J,[@); = | 


0 when (x)=0, (y)=0, 


Zale); fe = 0 when = 0, (9) =0, 


defines p functions 


of x,, +--+, x,, continuous but not analytic throughout some com- 
plete of z,=0, ---, =0. This inverse is 
multiple valued and has in general k branches. This theorem 
is applied to the transformation 


Yp) (t= 1, 2, ---, p). 


Condition (3) requires that the f, shall have no common factor 
in the neighborhood of (y) =0. In this case it is shown that 
the k branches are distinct. 

The factorization of transformations is taken up and certain 
useful types are discussed in detail. It is shown that if 7 
satisfies the further condition J,(0, 0) + 0, it can be factored 
into transformations one-to-one and analytic both ways, plus 
one of the type x =u, y=". 


+ when (x) = 0, (y) = 0 


= 
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The cases in which the Jacobian determinant of 7' has at 
least one non-zero element, say f,(0, 0) + 0, are completely dis- 
cussed. Certain cases where all f,, f, 6, are zero when 
u =0,v =O are treated. If f and ¢ admit a common factor 
in R, then there is an explosive point in R, having an infinitely 
many valued inverse. Even then R may be the complete 
neighborhood of this point, the number of branches which are 
continuous outside this point being different in different sub- 
regions of R. 


53. It is well known that the group of isomorphisms of a 
group of order p is of order p — 1, and that of a cyclic group 
of order p’ is of order p(p —1). The corresponding group of 
the non-cyclic group of order p* is simply isomorphic with the 
linear homogeneous group on p? variables. 

The groups of isomorphisms of all types of groups of order 
p® are determined by Western in his paper on “Groups of 
order p*g,” Proceedings of the London Mathematical Society, 
volume 30. 

Professor Marriott has determined the groups of isomorphisms 
of all types of groups of order p*. He exhibits these as sub- 
stitution groups and determines the order of each. 

F. N. Coie, 
Secretary. 


ON THE NEGATIVE DISCRIMINANTS FOR WHICH 
THERE IS A SINGLE CLASS OF POSITIVE 
PRIMITIVE BINARY QUADRATIC 
FORMS. 


BY PROFESSOR L. E. DICKSON. 
(Read before the American Mathematical Society, April 29, 1911.) 


For such a discriminant — P, the problem of the represen- 
tation of numbers by a binary quadratic form of discriminant 
— P is quite elementary ; moreover, factorization into primes 
is unique in a quadratic field of discriminant — P. The only * 


*E. Landau, Mathematische Annalen, vol. 56 (1903), p. 671. His 
method is not applicable to discriminants— P, where P is odd, as was 
pointed out by M. Lerch, ibid., vol. 57 (1903), p. 568. Results obtained by 
the latter by use of a relation between numbers of classes will here be proved 
by more elementary means and extensions given. 


L 
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such discriminants of the form — 4k are those having k = 1, 2, 
3, 4, 7, as was conjectured by Gauss* after an examination of 
the determinants as far as — 3000. The present note gives 
practical criteria and the result of an examination of the 
values of P less than one and one half million. We denote 
aa? + bay + cy’ by (a, 6, c) and call 6? — 4ac its discriminant. 

First, let P= 0 (mod 4). Then (1, 0, P/4) must be the 
only reduced primitive form of discriminant — P. The case 
in which P/4 is divisible by two distinct primes is excluded, 
since we may then express P/4 as the product of two relatively 
prime factors a, c, such that 1 <a<e, and hence obtain the 
new primitive reduced form (a, 0, c) of discriminant — P. 
Hence P = 4p’, where pisa prime. For p = 2,(4, 4, 2°?+ 1) 
is a primitive reduced form of discriminant — P if e=4, and 
(3, 2, 3) is one if e=3; while for e=1 or 2, whence P= 8 
or 16, there is a single primitive reduced form. Next, let 
p>2. The even number 1 cannot have an odd factor > 1, 
since otherwise it would equal the product of two relatively 
prime integers a and c, such that 1<a<ce, and (a, 2, c) would 
give a new primitive reduced form of discriminant — P. Hence 
po+1=2*. Then (8, 6, 2*-* + 1) or (5, 4, 7) is a primitive 
reduced form of discriminant — P if k>5 or k= 5, respec- 
tively. For k= 4, 2*—1= 15 is not a power of a prime. 
For k= 1, 2, 3, P= 4, 12, 28, there is a single primitive 
reduced form. 

Next, let P = 3 (mod 4). Then [1, 1, (1+ P)] must be 
the only reduced primitive form of discriminant — P. If 
P=rs, where r and s are relatively prime and > 1, one of the 
factors is = 3 (mod 4) and the other =1(mod 4). Let r>s. 
Then [(r + 8)/4, (r — 8)/2, (r + 8)/4] is a new primitive form 
of discriminant — P, which is reduced if 3s=r. Its second 
right neighboring form (obtained by using 6 = — 1, 5 = 0) is 
[s, —8, 8)], which is reduced if 38s<r. Hence P= p’, 
where p is a prime = 3 (mod 4) and eisodd. Ifp>3, e=3, 
the form with a= }(p+1),b=1,c=(p'+ 1)/(pt+1) isa 
new primitive reduced form of discriminant — P ; indeed, 
c> 4a since p'=p?>p+2. For P= 27, (1, 1, 7) is the 
only primitive reduced form. For P = 3°, [9, 3, +1)] 
or (7,3, 9) is a primitive reduced form if > 5 or e=5, 
respectively. Thus, if P + 27, P must be a prime. Set 


T, = + 1? + P]= 7+ + 1). 


* Disquisitiones Arithmeticae, Art. 303. 
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If j=qm+r, 0O=r<m, then T7,= T, = T,_,, (mod m). 
For r > }(m—1), m—r—1<}(m—1). Hence any 7, is 
congruent modulo m to some 7’, where 0=r=4(m — 1). t 
29 + 1 be the greatest odd integerr=/P/3. In a reduced 
form (a, 6, c), 6>0, we have 6= 2841=29+1, 
We shall prove that there is a single reduced form of discriminant 
— P if and only tf T,, T,, --+, T, are all prime numbers. It 
they are primes, a reduced form hasa=1,b=1. Conversely, 
let there be a single reduced form. If 7, were composite, 
there would be a reduced form withb=1,a>1. Suppose 
that 7, ---, T,_, are primes, but 7, = ac, c=a>1, where 
0<f=g. If a=b, where b = 28 +1, (a, b, ce) would be 
reduced. Hencea<6. Applying the above result for m=a, 
we see that 7, = 7. (mod a), where r is some integer 
0=r=}(a—1). Thus r <8, so that 7 is a prime. But 
T.=T,=0(moda). Hence7. =a. Thusa=T7,=}(1+ P). 
P=3(2g + 1P = 3(28 + 3a’, a> }(1 + 3a’). Thus 
(3a — 1)(a — 1) <0, which contradicts a > 1. 

If P is a prime < 27, then g = 0 and the condition is that 
T, =43(1+ PP) shall bea prime. This is satisfied when P = 
3, 7, 11, 19. 

For P =7(mod 8), P > 7, T,is even and > 2. 

For P = 3 (mod 8), set P= 8k—5. For k = 2 (mod 3), 
k=5, T,= 2k—1 is divisible by 3 and exceeds 3; while for 
k=2,P=11. For k=1 (mod 3), P is divisible by 3. 
For k = 0(mod 3), P= 24t—5. For t= 1, 4, or 0 (mod 
5), T, = 6t — 1, T, = 6¢ + 1 or P is divisible by 5 and exceeds 
5 except whent=1, P=19. Fort= 2 or 3, P= 43 or 67 
and g = 1, while 7, and 7, are primes. Fort =7, P = 163, 
g =3, and T,, T,, T,, T, are primes 41, 43, 47,53. Fort=8, 
P=11-17. There remain the cases t= 5/4 12, 5/ + 18, 
where /=0. Hence we may state the 

THEOREM. There is a single class of positive primitive quad- 
ratic forms of negative discriminant — P when 


P =3, 4, 7, 8, 11, 12, 16, 19, 27, 28, 43, 67, 163; 


but more than one class if P is not one of these 13 numbers and 
not a prime of the form 1201 + 283 or 1201 + 307, /=0. 

The remaining primes < 1000 are P = 283, 523, 643, 883, 
307, 547, 787, 907. For these g=4, 7,=77, 7, =7-19, 
T,= 7-23, T,=13-17, T,=77, T,=11-13, 7, = 7-29, 
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T,= 18-19, respectively. Hence in each case there is more 
than one class. 

A practical method of examining a wide range of values of 
P consists in first rs the values of / for which any one 
of the numbers 7), ---, 7 has a given small prime factor p. 
For P = 1201 + 283 307, T, = 301+ 71 or 77, 
g =4. This exclusion has already ‘been effected for p=3sor 5. 
For p=7, any T, is congruent to 7, or For T,= 
301 + 77, ‘these are divisible by Tifl= 0, 6, 4, 1 (mod 7), 
respectively ; ; for 301+ 71, if 7 = 3, 2, 0, 4 (mod 7). Hence 
there remain the cases 


T, = 210m + p, w = 137, 167, 227, 101, 221, 251. 


The least P is now 403, whence d2=5. Now T.=m+y 
(mod 11). Thus 7, is divisible by 11 if m= 6, 9, 4,9, 10, 
2 (mod 11), respectively. But T, =T,_, + 2k. "Hence if we 
subtract 2k from the m for which T = = 0 (mod 11), we ob- 
tain the m for which T, = 0 (mod 11). This may be done by 
counting spaces on square ruled paper. At each point so 
obtained a hole is punched, thus giving a 6 x 11 stencil for 
p=11. The least 7, is now 221, whence P=883, g= 8. 
Similarly, stencils were constructed for p = 13, 17, 19, 23, 29. 
After using the first three stencils, it was noted that m= 4 for 
each whence 7,= 941, P= 3763, g=17. 

The first 10710 values of 7, were examined ; to this end m 
was given the values = 1785. "The use of each stencil excluded 
more than half of the values left at the earlier stage. After 
using the stencils for p=29, we had left 110 numbers, for 
each of which 7), ---, or 7, was verified to be composite. In 
just four cases were 7), ---, J, all prime. The work, includ- 
ing the making of the stencils, was done in two days. 

THEOREM. For 163 < P< 1,500,000 there is more than 
one class of positive primitive quadratic forms of discriminant 

For a greater P, g = 353 and there is more than one class 
unless 7), 7,, --+, Ty, are all primes. The chance that such a 
case will arise is ery small. Note that, for P not ex- 
ceeding 1} millions, 7), ---, 7,, were shown to be not all prime. 


| 
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ITERATED LIMITS OF FUNCTIONS ON AN 
ABSTRACT RANGE. 


BY MR. RALPH E. ROOT. 


(Read before the American Mathematical Society, April 29, 1911.) 


RESERVING details for a later publication, I wish here to 
indicate a method for the investigation of multiple and iterated 
limits under general conditions imposed on the range of the 
independent variable, and free from the unnecessary restrictions 
involved in the consideration of variables of particular types. 
For desirable simplicity of the general theory the postulates 
imposed on the range should not only permit of an effective 
definition of limiting element, but also be invariant under two 
fundamental processes : 

(a) Extension of the system through the adjunction of ideal 
limiting elements. 

(6) Composition of systems, e. g., the generation from two 
linear ranges of a two dimensional range. 

In his thesis (Paris, 1906): “Sur quelques points du calcul 
fonctionnel” (Rendiconti del Circolo Matematico di Palermo, vol- 
ume 22) M. Fréchet supposes the notion of limit of a sequence of 
elements to be defined for a certain abstract class and secures 
generalizations of several theorems on point sets and on con- 
tinuous functions. Later, adopting an analogue of the distance 
relation (écart) between two points, he secures many more 
theorems. His postulates, however, do not readily admit of 
the introduction of ideal elements. 

F. Riesz, in a paper before the International Congress of 
Mathematicians at Rome, 1908 (“Stetigkeitsbegriff und ab- 
stracte Mengenlehre,” Atti, volume 2 (1908) pages 18-24) 
proposed a set of postulates in which the fundamental notion is 
that of a relation between subclass and element of the range, in 
the sense that the element is a “limiting” element of the sub- 
class. By considering the properties of a system of subclasses 
that have a common limiting element he is able to define effec- 
tively an ideal limiting element as a system of subclasses hay- 
ing certain definite properties. The postulates of Riesz, how- 
ever, are apparently better fitted for the treatment of abstract 
point set theory than for the treatment of functions on the 
range thus characterized. 
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Let $8 be a class of elements, and let R represent a dyadic 
relation between subclasses R of $3. For the system ($; R) 
we adopt a body of postulates that permit of a very simple 
definition of limit of a function at an element, in which the 
classes ft that have the relation R to a given singular class p 
(element of $8) play the rdle of “ vicinity ” or “ neighborhood ” 
of a point. We are able to characterize a class u of subclasses 
Jt as an ideal element in such fashion that the postulates are 
satisfied by the extended system (0; S), where © is the class 
$8 with ideal elements adjoined, and S is a relation between 
subclasses S of © defined in terms of R. The extended sys- 
tem (©; 8) is closed to this process of extension. 

Further, from two such systems, F’) and RF’), we 
derive a composite system ($$; R), where $$ is the product class 
and is a relation between subclasses of determined 
by FR’ and R’. Our postulates are satisfied by the composite 
system if, and only if, they are satisfied by both component 
systems. This process of composition may be generalized to 
give a unique composite system ( ; A) for any finite number 
of systems ; 

In terms of our relation R we define limit for a sequence of 
elements so as to fulfil the conditions of the Fréchet limit, and 
our definition of limiting element of a subclass fulfils the Riesz 
postulates. We show that ina system satisfying our postulates 
the definitions of continuity by means of “sequences” and by 
means of “ vicinity” are equivalent. On the other hand our 
system is less special than the system of Fréchet in which he 
uses the notion of écart, since a relation R fulfilling our condi- 
tions may be defined for any class for which an écart exists. 
The gain in generality over the Fréchet treatment is seen in 
the possibility of determining the relation R by means of order 
relations in which distance and magnitude play no part. An R 
may be defined for any class having linear order, or for the 
composite of any finite number of such classes. 


CHICAGO, ILL. 
April, 1911. 
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NOTE ON A MERSENNE NUMBER. 


BY MR. H. J. WOODALL, A.R.C.S, 


I DEsIRE to announce the discovery that 2'*' — 1 is divisible 
by 43441 (a prime). This is important because the exponent 
181 is one of the few remaining prime numbers, less than 257, 
about which it was to be inferred, as not being included in 
Mersenne’s list, that, used as exponents, they would give 2? — 1 
composite numbers. The writer has verified the result by direct 
division, and desires to express his thanks to Lieutenant 
Colonel Allan Cunningham, R.E., for his verification. 


MARKET PLACE, 
STocKPORT, ENGLAND, 
June 7, 1911. 


SHORTER NOTICES. 


A Text-Book on Advanced Algebra and Trigonometry, with 
Tables. By W. C. Brenxe, Ph.D. New York, The 
Century Company, 1910. 8vo. x +345 pp. 

Proressor Brenke has suceeded in bringing together within 
the 284 pages of his book that are taken up by the text most 
of the topics of algebra and trigonometry that are suitable for 
presentation in the freshman year of our colleges. Selection 
of subjects can be made so as to suit the needs of the classes in 
liberal arts colleges, where only three hours a week are devoted 
to mathematics, as well as those of classes in the colleges of 
engineering, where five weekly hours is the allotted time. 

As the title indicates, this book is an attempt to correlate the 
subjects of algebra and trigonometry. The author says in the 
preface: “ Usually algebra is taken up first and then trigonom- 
etry, or else the two subjects are studied on alternate days. 
Neither plan is quite satisfactory. It has therefore seemed 
to the writer that a single book, treating both subjects in a 
correlated manner, might be of service both to student and 
teacher.” 

In the professional colleges correlation is induced by the fact 
that the work in mathematics is to be applied later on; the 
desire to direct the work as much as possible toward the appli- 
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cations will tend to unify and correlate the work in these colleges, 
independently to some extent at least of how the subjects are 
arranged in the text-book. It is in the non-professional colleges, 
where for many the freshman work in mathematics is the last 
they will ever do in that subject, that the problem of text-book 
correlations of algebra and trigonometry becomes of greater 
importance. 

What contribution does Professor Brenke’s book make towards 
the solution of the problem? A glance at the table of contents 
shows that the subject matter of plane trigonometry is inserted 
bodily between two chapters of algebra. The treatment of the 
trigonometry does not show traces of the existence of algebra 
to any greater extent than do ordinary treatments of the sub- 
ject, neither do the chapters on algebra that follow show any 
influence of the trigonometry, except in those parts which are 
commonly studied after the trigonometry. 

Clearly then, the process of correlating the two subjects has 
not yet gone very far. But, a first step has been taken; the 
two subjects have been brought within the same covers. In 
order to mix them more thoroughly, they will each have to be 
divided into smaller parts and brought into more frequent con- 
tact. If at the same time, we should consider how the work 
of the first year in college may be made to grow out of the high 
school work, we may come to a course better adapted to the 
needs of the students referred to above. 

On the other hand, the book presents an interesting correla- 
tion of both the algebra and the trigonometry with the elements 
of analytic geometry and of the calculus. Introducing the graph 
of a linear function in Chapter IV, the author lets the graphical 
solution of simultaneous equations lead in Chapter V to an ele- 
mentary discussion of the conic sections. In the first chapter 
on trigonometry the graphs of the functions are constructed, in 
contrast with most texts on trigonometry, in which they do not 
appear until near the end of the book. Although it is to be 
regretted that the graphical work is not developed further and 
not made use of more than for the solution of the equation 


sin 26+sin0+k=0, 


a method has at least been indicated. In Chapter XIII, Mac- 
laurin’s series is established and applied at once to the compu- 
tation of the trigonometric functions and of logarithms. 

The treatment throughout the book is clear and to the point ; 
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it speaks a language the student can easily understand. Numer- 
ous examples and problems are given with every topic. We 
welcome Chapter XIV on computation, approximations, dif- 
ferences, and interpolation. The requirements of practical com- 
putation are responsible for so many of the algebraic reductions 
with which our classes struggle, that a first hand experience 
with the problems of computation must help the students to see 
the reasons for some of the hardships inflicted upon them. The 
review in Chapters I and II of those parts of the higit school 
work which are stumbling blocks for most freshmen and the 
discussion of division by 0 and of infinity will be appreciated 
by those who teach freshmen classes. 

The definition of infinite series in § 196 confuses the notion 
of series with that of sequence. In § 246 we read “ An arrange- 
ment of the numbers 1, 2, 3, ---, m is called an inversion,” a 
statement which attributes to this word a meaning not usually 
given it. 

Many of the subjects taken up require a more rigorous treat- 
ment than it would be wise to give them in an introductory 
text. In most such cases the finer points are not slurred over, 
but clearly indicated and then taken for granted, as, for in- 
stance, in discussing lim... (1 + 1/2)’, in deriving Maclaurin’s 
series, etc. 

The last sixty pages of the book contain the answers for the 
odd-numbered exercises, an index, and two appendices. The 
first of the appendices gives a list of formulas, definitions, and 
theorems. The second includes, besides the tables commonly 
found, also a conversion table for changing from sexagesimal 
to radian measure, and conversely ; one for log, x, e”, and e~* 
from x=0 to x=5 at intervals of 0.05; and one for the 
squares and cubes, square and cube roots of numbers between 
1 and 100. A handy cardboard protractor-ruler accompanies 
the book. 

Among the misprints, we notice ¢ in place of c? on page 23, 
2d line from the top; and 49.35 in place of ¥9.35° on page 29, 
10th line from the bottom. 


ARNOLD DRESDEN. 


College Algebra. By C. Davisson, New 
York, The Macmillan Co., 1910. Small 8vo. xvi + 243 
pp. $1.50 net. 

In this book no attempt at correlation is made; it is a pres- 
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entation of the topics usually taken up in the freshman class in 
algebra, different in many respects however from the usual 
text. 

The preface states that “the book is not written for mathe- 
maticians, but for students desiring to know the elements of 
ordinary algebra.” Can this be said to describe the state of 
mind of the majority of our college freshmen? Had we not 
better face our problem squarely and recognize the situation we 
have to deal with in our classes? As it appears to the reviewer, 
of those entering the freshman class in mathematics, not many 
have a desire to know the elements of ordinary algebra. At 
best, their mind is void of any desire with regard to algebra ; 
if we can succeed in arousing their interest, we may be able to 
call it forth ; but, to count on it at the beginning of the college 
course, seems too optimistic. It is for this reason that the book 
does not seem suitable for the ordinary freshman course, to 
which students are admitted who have had one and a half years 
of secondary algebra. 

That the author seems to have had in mind students who 
have had more than one and a half years of preparatory work, 
or at least students who have to some extent found themselves 
with respect to algebra, would also appear from the following 
paragraph in the preface: “The text does not contain a very 
large number of problems, but it is believed to contain a suffi- 
cient number to illustrate the theory. The aim has been to 
give the student an idea that algebra consists of something more 
than problem solving.” Assuming this to be the author’s point 
of view, the present writer believes that we have here an excel- 
lent text before us. 

Part I—entitled Numbers and written, as is Chapter XV on 
Limits, by Professor A. M. Kenyon — opens with a presentation 
of the system of natural numbers and the laws governing the 
operations upon them. In order to make the inverse operations 
of division, evolution, and subtraction possible within the 
domain, successive extensions of the number system are made, 
obtaining step by step the domains of positive rational numbers, 
positive real numbers, real numbers, and complex numbers. 
Few theorems are proved in this chapter. It seems that the 
presentation is somewhat difficult to follow for one who is mak- 
ing his first acquaintance with the subject. Greater unity might 
have been obtained if, the positive rational numbers having been 
introduced as pairs (a, 6) of integers whose order relation is 
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defined by 


(a, 6) =(e, d) according as ad = be, 


the negative rational numbers had been introduced as pairs (a, 6) 
of integers whose order relation is given by 


(a, S(¢, d) according asa + db +e. 


The chapter would also have gained strength if the theorems 
concerning at least one of the domains considered had been 
stated and proved in terms of the original definition of the num- 
bers of the domain as number pairs. 

In § 40, the student is asked to show that the definition of 
addition for rational numbers is consistent with the one given 
for the natural numbers ; similar exercises are set for the other 
operations and extensions. Would it not be well to empha- 
size more strongly the important point involved ? 

Part II — Algebra — opens with Chapter II on definitions, 
followed by Chapter III on fundamental laws and identities. 
The definition of an algebraic function in § 132 as “an alge- 
braic combination of quantitative and operative symbols that 
has meaning” seems unsatisfactory. What is an “algebraic 
combination of symbols”? How can we tell whether such a 
combination has meaning, unless we know in what domain we 
are working? Would 2?— 3 + 5° not be an algebraic func- 
tion under this definition? Have we not here a confusion of 
the notions function and functional value? About variables 
and constants, § 133 says, among other things: ‘When several 
literal quantities are involved in a function, the first letters of 
the alphabet shall be considered as constants, while the last 
letters shall be considered as variables,” a statement which 
does not give any information whatever about the concept 
variable. 

The remaining chapters, on factorization of rational integral 
functions ; equations in one and more unknowns and deter- 
minants; indices, surds, and complex numbers; sequences ; 
permutations and combinations; mathematical induction; un- 
determined coefficients and partial fractions; limits and infinite 
series; theory of equations; logarithms and variation, con- 
tain a very attractive treatment of these various topics, pre- 
senting several features with regard to subject matter as well 
as arrangement that are different from what is usual in a college 
algebra. Mention should be made of the following points : 
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The section on factorization of symmetric functions in Chap- 
ter IV ; the determination of the integral roots of equations of 
higher degree than the second in Chapter V, rather than in the 
later chapter on the theory of equations; the treatment of 
determinants in the chapter on linear simultaneous equations 
and the application of determinants to the solution of systems 
of n linear homogeneous equations in n variables and of n linear 
non-homogeneous equations in n or in n — 1 variables. 

The treatment of the theory of limits in Chapter XV should 
be noticed for its excellence ; the substance of the e, 8 defini- 
tions of limits is given verbally, and illustrated graphically 
without using the algebraic statement of the definitions ; the 
presentation of infinite sequences and series becomes clear as a 
result of this treatment of limits. 

The exercises in verbally expressing the formulas used are a 
welcome aid in the efforts to combat the carelessness of expres- 
sion to which our students are so largely accustomed. The 
method of graphing a function is explained in Chapter V, but 
is made very little use of in the later chapters. One misses 
the graphical illustrations particularly in the chapters on simul- 
taneous equations and in the chapter on variation, while the 
graphical methods could have been used to greater advantage 
in the chapter on theory of equations and in the chapter on 
limits. 

ARNOLD DRESDEN. 


Spezielle algebraische und tranzendente ebene Kurven, Theorie 
und Geschichte. Von Gino Loria. Autorisierte nach 
dem italienischen Manuskript bearbeitete Ausgabe von F. 
Scuttre. Zweite Auflage. Leipzig, B. G. Teubner. 
Erster Band: Die algebraischen Kurven, 488 pp. and 14 
plates, 1910. Zweiter Band: Die tranzendenten und abge- 
leiteten Kurven, 384 pp. and 6 plates, 1911. 

THE value and importance of this work, which was first pub- 
lished in 1902, are partially indicated by this early appearance 
of a complete revision. About one hundred and twenty-five 
pages and three plates have been added. Since 1902 much has 
been done in the theory of special plane curves, and this work 
has, as far as possible, been incorporated in the new edition, 
which is now published in two volumes instead of one. 

Many of the excellent features of the work were pointed out 
and discussed at some length in Professor E. B. Wilson’s 
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review of the first edition.* As these have been retained un- 
changed in the revision, it is only necessary in the present 
notice to call attention to the principal additions to material 
and changes in arrangement. 

The original edition contained extensive accounts of the 
curves of the third and fourth orders, but nothing on curves of 
the fifth order. Since then a good deal has been written on 
special curves of order five by Morley, Basset, Snyder, Field, 
and others, so that it is but natural to find in the revised work 
an account of these researches and of the theory and history of 
the general quintic. It may be noted that the theory of the 
general sextic is now included, in addition to the treatment of 
the special sextics given in the earlier edition. 

In the review mentioned Professor Wilson discussed in 
detail what Loria called panalgebraic curves, and stated that 
for advanced students this section, which was then relegated to 
a note at the end of the volume, was of more interest and im- 
portance than all the rest of the book. The change of arrange- 
ment by which this discussion is brought to the dignified 
position of Chapter I seems to the reviewer most advantageous 
and important. In this position the subject is better situated 
to attract students, and before many years it may receive 
merited attention. 

The other changes in the work are made principally for the 
purpose of bringing the older treatment up to date or to com- 
plete the history. C. L. E. Moore. 


Encyklopédie der Elementar-Mathematik, Von HEtnRIcH 
WEBER und JosEF WELLSTEIN. Efrster Band: Elementare 
Algebra und Analysis. Bearbeitet von H. WEBER. Dritte 
Auflage. Leipzig, Teubner, 1909. xviii + 532 pp. 

THE first edition of this book has been reviewed in this 
Buxxetin.¢ The third edition differs from the first primarily 
in the introduction of nearly 100 pages of new subject matter. 
These additions consist chiefly of historical notes, which are 
appended to a number of chapters, and an entirely new chapter 
at the end, which is devoted to the graphical representation of 
a function, differentiation, and integration. 

The value of the book is much increased by the additions, 
which harmonize with the spirit of the earlier editions. 

F. W. Owens. 


* BULLETIN, vol. 9 (1903), pp. 492-501. 
t Vol. 10, pp. 200-204. 
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Die Determinanten. By Evaren Netto. Leipzig, Teubner, 

1910. 8vo. vi+129 pp. 3.60 marks. 

THE enormous growth in recent years of both mathematics 
and engineering is nowhere shown better than in the appearance 
in both Europe and America of many small handbooks par- 
ticularly designed to give in little space the main features of 
some definite field of these large subjects. This volume is of 
such a character. It undertakes to develop the elementary 
theory of determinants with some applications. The applica- 
tions are not technical. 

The first two chapters are devoted to the elementary proper- 
ties and expansions. Then follows one on evaluation, and one 
on products. A chapter follows on arrays, which are here 
called matrices. Then comes a chapter on particular deter- 
minants, one on the solution of linear equations, and one on 
resultants. Following is a chapter on linear substitutions, 
which could have properly formed part of the chapter on 
matrices. In our opinion, it is a mistake to consider the array 
of symbols merely as an array. The composition of matrices, 
if not the mere ordering, makes the symbols stand for more 
than mere arrays. They are indeed n?-fold multiple quantities 
and should at least be treated as multiplexes if not as operators. 
From this point of view the linear substitution is merely one 
example of a matrix. A chapter is devoted to geometric appli- 
cations. The book is closed by a very brief chapter on differ- 
entiation and one on functional determinants, which last 
however would have been labeled more correctly “The 
Jacobian.” As a whole the treatment is clear, well illus- 
trated, and all that could have been given in the space. 

JAMES ByYRNIE SHAW. 


Die Theorie der Kréftepline. By H. E.Timerpine. Leipzig, 

Teubner, 1910. 8vo. vi+99 pp. 3 marks. 

Tuis little volume is number 7 in Teubner’s Mathematisch- 
physikalische Schriften. It undertakes to occupy a middle 
ground between the purely theoretical or geometrical side of 
graphical statics and the purely practical or engineering side. 
The object is to interest the engineer in a more general mathe- 
matical point of view and to show the mathematician that 
applications furnish very interesting developments of pure 
theory. Thus we find the null-system of Mébius used through- 
out to show the reciprocal relations of the force polygon and 
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the funicular polygon. Few detailed solutions are given, the 
emphasis being rather on the first principles and the essential 
similarity of the various methods in use. The space figure 
over the plane figures is utilized to assist the development. 

Engineers who want detailed methods will find little here to 
interest them. Those who desire a knowledge of fundamentals 
which will enable them to devise their own methods will find 
this text very suggestive. Mathematicians will find here con- 
crete examples of some geometrical transformations, but little 
that would serve to advance the theory of such transformations. 
Where the “ finest flowers bloom along the way of application ” 
the author scarcely shows. 

JAMES SHAW. 


Vorlesungen iiber technische Mechanik. Von Aucust FOpPu. 
Band 6: Die wichtigsten Lehren der héheren Dynamik. 
Leipzig, Teubner, 1910. xii + 490 pp. 

Various volumes in various editions of Féppl’s lectures on 
mechanics have been reviewed in this BULLETIN,* always with 
unstinted though measured praise. That the public shares our 
enthusiasm for the work is fully indicated by the rapidity with 
which new editions follow one another. The work as now con- 
stituted, in what may perhaps be believed its final form, has 
six volumes instead of the original four. The titles are Ein- 
fihrung in die Mechanik, Graphische Statik, Festigkeitslehre, 
Dynamik, Die wichtigsten Lehren der hoheren Elastizititstheorie, 
and Die wichtigsten Lehren der héheren Dynamik. It is this 
last which is now under review. But before we begin let us 
repeat from an earlier review the wish that our students of 
technology had the advantage of such a work as this in English. 
There are not nearly enough exercises and examples to suit our 
needs, but the text we believe is far superior to anything we 
have. 

The first section of the work deals with relative motion. 
Now-a-days we hear a great deal about the principle of rela- 
tivity, according to which all actual motions in our physical 
universe are representable by differential equations which are 
invariant under the transformations of the Lorentz group, that 
is, the orthogonal group which leaves the form 2’ + y’? + 2 — ¢?? 
invariant. This has served to emphasize the fact that the old- 
fashioned Newtonian mechanics has also its principle of rela- 


* See vol. 9, p. 25, and vol. 13, p. 520. 
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tivity. Minkowski set the matter in a clear light in his lecture 
at Cologne in 1908 ;* recently Klein has been elaborating it ;+ 
both authors, however, are naturally more interested in the 
new relativity than in the old; both assume a considerable 
amount of mathematics unfamiliar to the technical student. 
Foéppl begins his discussion of relative motion with a clear and 
searching treatment of the relativity of ordinary mechanics ; 
these pages should be read by nearly every one. In the appli- 
cations of relative motion to various problems the text follows 
Coriolis’s theorem in much the usual manner. 

The second part of the work deals with generalized coordi- 
nates and Lagrange’s equations. There are numerous applica- 
tions, chiefly to various sorts of pendulum motion and to the 
rolling wheel. The third part is on the top, just over an even 
hundred pages. This long development of a somewhat diffi- 
cult subject is amply justified by the ever increasing practical 
use of the gyroscope. The Schlick apparatus for regulating 
gyrostatically the motion of ships receives especial mention ; 
the Brennan and Scherl monorail cars are barely touched upon. 
The author very naturally gives some account of his own inter- 
esting experiments to obtain the angular velocity of the earth 
from observations on the motion of a “top.” A short fourth 
section of the text, entitled various applications, is chiefly 
occupied with the theory of the governor with and without 
friction ; a very short discussion of planetary motion is given. 
It will be noticed that Foppl sticks closely to the subjects 
which are of most interest and importance to the engineer. 

The fifth and last section of the book is on hydrodynamics. 
Some of the subjects treated are: the irrotational flow of liquids 
in two dimensions with applications of the theory of functions 
of a complex variable, various kinds of water waves, the theory 
of vortices, the theory of the turbine, and the motion of viscous 
liquids with applications to the motion of a sphere and to fric- 
tions on journals. In view of the fast increasing interest in 
aeronautics some aerodynamics might advantageously have been 
added. Although the mathematics of this section and of this 
volume as a whole is somewhat more advanced than that of the 
first four volumes and might offer some difficulties to the gen- 
eral run of our undergraduate students of engineering even in 
our best schools, it is no more than should be required, and 


*See the Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 18 
(1909), p. 75. 
+See ibidem, vol. 19 (1910), p. 281. 
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in some institutions is required, of students for the master’s 
degree. In conclusion let us hope that Foppl’s lectures will 
continue and grow in popularity not only in their home but 
abroad ; their merits are of the highest; their use can but 
inure to the benefit of the user. Once more we wish we had 


this work or such a work in English. 
E. B. 


CORRECTION. 


On pages 454, 455 of Professor Glenn’s paper in the June 
BULLETIN, in formulas (6), (7), (8), for — read +. 


NOTES. 


THE July number (volume 12, number 3) of the Transactions 
of the American Mathematical Society contains the following 
papers: ‘‘On properties of a domain for which any derived set 
is closed,” by E. R. Heprick ; “Important covariant curves 
and a complete system of invariants of a rational quartic curve,” 
by J. E. RowE; “ An application of Moore’s cross ratio group 
to the solution of the sextic equation,” by A. B. CopLE; “On 
the use of the co-sets of a group,” by G. A. MILLER; “The 
southerly deviation of falling bodies,” by W. H. RoEver ; 
“An application of a (1-2) quaternary correspondence to the 
Kummer and Weddle surfaces,” by Virei, SnyDER; “On 
semi-discriminants of ternary forms” by O. E. GLENN. 


THE July number (volume 33, number 3) of the American 
Journal of Mathematics contains the following papers: “The 
rational plane quartic as derived from the norm-curve in four 
dimensions by projection and section,” by J. R. CONNER ; “On 
the analytical basis of non-euclidean geometry,” by W. H. 
Youne ; “Curves in non-metrical analysis situs with an ap- 
plication in the calculus of variations,” by N. J. LENNEs. 


Art the meeting of the London mathematical society held on 
June 8 the following papers were read: By G. H. Harpy, 
“On the multiplication of Dirichlet’s series” ; by G. H. Harpy 
and J. E. LirrLewoop, “On the range of Borel’s method for 
the summation of series” ; by W. H. Young, “On the con- 
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vergence of Fourier series and of the allied series”; by W. 
M. Pace, “ Two dimensional problems in electrostatics and 
hydrodynamics.” 


THE Verein zur Férderung des mathematischen und natur- 
wissenschaftlichen Unterrichts will hold its twentieth general 
meeting at Miinster, June 5 to 8, 1911, under the presidency 
of Professor A. THAER, of Hamburg. 


THE fifty-first reunion of deutsche Philologen und Schul- 
manner will be held at Posen, October 3 to 6, 1911. Papers 
and addresses in the mathematical section will be in charge of 
Drs. Spies and THIEME. 


THE fifth international congress of mathematicians will be 
held at Cambridge, England, August 22 to 28, 1912. It will 
be organized by the Cambridge philosophical society and the 
London mathematical society. 


THE second congress of Scandinavian mathematicians will 
be held at Copenhagen, August 28 to 31, 1911. 


THE committee appointed by the St. Petersburg academy of 
sciences to arrange the manuscripts of Euler for the use of the 
Euler commission has now completed its investigation, and 
reports that valuable collections of letters and a number of un- 
published notes and memoirs, together making 209 titles, have 
been found and forwarded to the editors in Ziirich. The 
material fills seven large chests. The Euler letters and manu- 
scripts in the possession of the Royal society have all been care- 
fully copied, and the copies placed at the disposition of the 
commission. In order to make the publication as complete as 
possible, the chairman of the commission expresses the wish 
that all letters of Euler that may be in the possession of other 
societies or of individuals may be made accessible to the com- 
mission. 


UnpER the general title of “ Fortschritte der mathematischen 
Wissenschaften in Monographien,” by O. BLUMENTHAL, the 
firm of B. G. Teubner, of Leipzig and Berlin announces three 
tracts that are to appear soon. The titles are “Grundlagen 
der Theorie der ganzen Funktionen unendlicher Ordnung,” by 
O. BLUMENTHAL; “ Untersuchungen iiber den sogenannten 
Picardsclfen Satz,” by C. CanaTHéopory ; “ Grundziige einen 
allgemeinen Theorie der linearen Integralgleichungen,” by D. 
HILBERT. 
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TuHE publishing house of Longmans, Green, and Company 
announces the early appearance of a volume of Monographs on 
topics of modern mathematics relevant to the elementary field, 
edited by J. W. A. Youne. Titles and authors are as follows : 
The foundations of geometry, by OswaALD VEBLEN ; Modern 
pure geometry, by T. F. HoteaTe; Non-euclidean geometry, 
by F.S. Woops ; The fundamental propositions of algebra, by 
E. V. Huntineton ; The algebraic equation, by G. A. MIL- 
LER; The function concept and the fundamental notions of the 
calculus, by G. A. Butss; The theory of numbers, by J. W. A. 
Youne ; Constructions with ruler and compasses, regular 
polygons, by L. E. Dickson ; The history and transcendence 
of 7, by D. E. Smrru. 


THE mathematical society and the society of applied physics 
of the University of Géttingen have given 100,000 marks 
toward founding an institute of mathematics at the University. 
Two manufacturing firms have given 50,000 marks for the 
same purpose. 


On October 27, 1910, the mathematical collection of the 
library of the University of Toulouse was destroyed by fire. 
{n so far as books and manuscripts are concerned that can be 
replaced, the work of restoring the library has already begun. 
However, as the loss is much greater than can be covered by 
its available income, the University makes the general appeal 
to other universities, learned societies, libraries, publishers, and 
authors to send to it such duplicate copies as can be spared. 
In consideration of the valuable services to science rendered by 
the Annales de la Faculté des Sciences de Toulouse it is hoped 
that the appeal may meet with a generous response. 


The following courses are announced for the academic year 
1911-1912: CiarkK Universiry.— By Professor W. E. 
Story: Analytic geometry of higher plane curves, higher sur- 
faces, and twisted curves, three hours; Hyperspace and non- 
euclidean geometry, two hours; History of mathematics, two 
hours, first half-year ; Algebraic invariants, two hours, second 
half-year ; Seminary. — By Professor H. Taser: Differential 
equations and calculus of variations, five hours ; Transforma- 
tion groups, two hours, first half-year ; Picard-Vessiot theory 
of linear differential equations, two hours, second half-year ; 
Seminary. — By Professor A. G. WessteR: The partial dif- 
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ferential equations of mathematical physics. —By Mr. J. DE 
Perrott: Theory of numbers, two hours, first half-year ; Alge- 
braic substitutions, two hours, second half-year.—By Dr. F. 
B. Witu1AMs: Conic sections and quadric surfaces, two hours. 


UNIVERSITY OF PENNSYLVANIA.—By Professor E. S. 
CrawLey: Solid analytic geometry, two hours; Higher plane 
curves, three hours. — By Professor G. E. FisEer: Differen- 
tial equations, two hours ; Theory of functions, three hours. — 
By Professor I. J. Scawatr: Theory of functions of a real 
variable, three hours; Advanced calculus, three hours. — By 
Professor G. H. Hatuerr: Introduction to modern higher 
algebra, three hours, first half-year ; Galois theory of equations, 
three hours, second half-year; Finite groups, three hours. — 
By Professor F. H. Sarrorp: Mathematical theory of pre- 
cision of measurements, three hours, first half-year; Curvilinear 
coordinates, three hours, second half-year.— By Professor O. 
E. GLenn: Theory of invariants, three hours. — By Dr. A. 
M. HiLTeBEITEL: Theoretical mechanics, three hours. — By 
Dr. H. H. MitcHeE.1, Theory of linear groups, three hours. 


PROFESSOR E. PicarD, of the University of Paris, has been 
elected a foreign member of Belgian academy of sciences. 


Proressor F. D’Arcais, of the University of Padua, has 
been elected a member of the royal institute of Venice. 


Dr. L. ToNnELLI has been appointed docent in the calculus 
at the University of Bologna. 


Dr. W. BuascHkE, of the University of Bonn, has been ap- 
pointed docent in mathematics at the University of Greifswald. 


Dr. F. BERNSTEIN, of the University of Géttingen, has been 
promoted to an associate professorship of mathematics. 


Dr. G. Du Pasquier has been appointed professor of math- 
ematics at the University of Neuchatel. 


At Cornell University, Dr. D. C. GILLESPIE has been pro- 
moted to assistant professorship of mathematics. Mr. F. M. 
Moraean has been appointed assistant in mathematics. 


Dr. L. I. Nerkirk, of the University of Illinois, has been 
appointed instructor in mathematics in the University of 
Washington. 
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Mr. F. W. BEAL, of Brown University, has been appointed 
instructor in mathematics in the University of Pennsylvania. 


Mr. R. D. FuLuerton has been appointed lecturer in 
mathematics at McGill University. 


Proressor E. V. HuntineTon, of Harvard University, ha$ 
been granted a year’s leave of absence ; he will spend the first 
half-year abroad. 


Art the University of California, Professor C. A. NoBLE has 
been granted leave of absence for the first term of the academic 
year 1911-1912; Professor D. N. LEHMER has been granted 
leave of absence for the second term. 


Proressor T. W. D. WorTHEN, of Dartmouth College, has 
resigned to enter the government service. 


CATALOGUES of second-hand books: Gustav Fock, Leipzig, 
Schlossgasse 7-9, Antiquariats Katalog 391, about 4000 titles 
in pure and applied mathematics. — A. Hermann, 6 rue de la 
Sorbonne, Paris V, catalogue 107, about 1600 titles in pure 
and applied mathematics.— W. Heffer and Sons, Cambridge, 
England, catalogue 75, about 900 titles in pure and applied 
mathematics. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


AUERBACH (F.) und Rorue (R.). Taschenbuch fiir Mathematiker und 
Physiker. Leipzig, Teubner, 1911. 8vo. 9+567 pp. sy 


Bevutet (E.). Algebraische Kurven. 2ter Teil: Theorie der Kurven 3ter 
und 4ter Ordnung. (Sammlung Géschen. 436.) Leipzig, Géschen, 
1911. 8vo. 136 pp. Cloth. M. 0.80 


Cuatetet (A.). Sur certains ensembles de tableaux et leur application 
41a théorie des nombres. Paris, Gauthier-Villars, 1911. 4to. 104 pp. 


Dumont (E.). Grandeurs et nombres. Arithmétique générale. Défi- 
nitions et propriétés fondamentales des grandeurs géométriques et 
de leurs mesures: nombres, naturels, qualifiés, complexes, ternions, 
et quaternions. Paris, Hermann, 1911. Fr. 16.00 


EncycLopPépie des sciences mathématiques pures et appliquées. Edition 
frangaise. Tome I: Algébre. Fascicule 3. Leipzig, Teubner, 1911. 
8vo. pp. 329-424. M. 3.00 


Enriques (F.). I numeri e l’infinito. (Scientia.) Bologna, Zanichelli, 
1911. 8vo. 26pp. 


Hartwiee (P.). Konstruktion der Hauptachsen des Ellipsoides aus drei 
konjugierten Durchmessern. (Diss.) Strassburg, 1910. 


HeEvscHMANN (J.C.). Aus Laienmund ein Wort zum sogenannten grossen 
Fermatschen Satz. Erlangen, Junge, 1911. M. 2.00 


Karnascu. Beweis II fir den Fermatschen Satz, dass die Gleichung 
a” + y” = 2" in ganzen Zahlen nicht lésbar ist, wenn n>2. Zweite 
erginzte Ausgabe. Berlin, 1911. M. 1.20 


Kitt (P.). Beitrige zum Fundamentalproblem der Flachentheorie. 
(Diss.) Strassburg, 1910. 


(F.). Elementarmathematik vom hdéheren Standpunkte aus. 
iter Teil: Arithmetik, Algebra, Analysis. Vorlesung, gehalten im 
Wintersemester 1907-08. Ausgearbeitet von E. Hellinger. 2te 
Auflage. Leipzig, Teubner, 1911. 8vo. 8+614 pp. M. 7.50 


Koenies (G.). Mémoire sur les courbes conjuguées dans le mouvement 
relatif le plus général de deux corps solides. (Mémoires présentés 
par divers savants 4 l’Académie des sciences de |’Institut de France. 
Extrait du tome 35, No. 1.) Paris, 1910. 4to. 219 pp. 


MacManuon (P. A.). Memoir on the theory of the partition of numbers. 
Part 5: Partitions in two-dimensional space. London, Dulau, 1911. 
4to. Sewed 28 


Mixtewicz (B.). Die Durchfiihrbarkeit der Gleichung a” + 6” = c” in 
ganzen Zahlen oder das sogenannte Fermat’sche Problem. Krakau, 
Friedlein, 1910. 8vo. 28 pp. M. 2.00 


MinxkowskI (H.). Gesammelte Abhandlungen. Unter Mitwirkung von 
A. Speiser und H. Weyl herausgegeben von D. Hilbert. Zweiter 
Band. Leipzig, Teubner, 1911. M. 16.00 
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Pewuizzari (N.). Trasformazioni delle superficii applicabili sul caten- 
oide ordinario allungato ed accordato. Pisa, Nistri, 1910. 8vo. 
2 pp. 
Puccini (A.). Le configurazioni regolari m di punti e piani contetraedri. 
Padova, Societa cooperativa tipografica, 1910. 8vo. 16 pp. 


(R.). See AvERBACH (F.). 


Uven (M. J.). Algebraische Strahlencongruenzen und verwandte com- 
plexe Ebenen als Schnitte derselben. Amsterdam, Miiller, 1911. 
8vo. 527 pp. M. 15.00 


Il. ELEMENTARY MATHEMATICS. 


Batturett (S. J.D.). Nature’s symphony; or lessons in number vibration. 
Atlantic City, 1911. 8vo. 10+127 pp. $1.2 


Baroni (E.). Trigonometria piana e sferica, ad uso delle scuole second- 
arie superiori. (Biblioteca scolastica.) Firenze, 
16mo. 4+304 pp. 


Baver (W.) and HaNxLeDEN (E.). Lehrbuch der Mathematik zum 
Gebrauche an Lyzeen. Drei Bande. Braunschweig, Vieweg, 1911. 
8vo. Cloth. M. 11.00 


Bisson—Minio (E.). Errori ed inesattezze piu comuni in aritmetica e 
geometria, elenco di forme errate, con correzione e discussione, ad 
uso degli allievi maestri. 2a edizione. Belluno, Cavessago, 1910. 
16mo. 19 pp. L. 0 


Buiopcett (M. A.). New exercises and problems in elementary ‘itien, 
for use as supplementary material in addition to regular text-book 
work. Minneapolis, Northwestern School Supply Co., 1911. 12mo. 
3+89 pp. $0.25 


BrRENKE (W. C.). A text-book on advanced algebra and trigonometry. 
With tables. New York, Van Nostrand,1910. 352pp. Cloth. $2.00 


ComBEroussE (C.). Cours de mathématiques 4 l’usage des candidats 
al’Ecole polytechnique. 4e édition, refondue et augmentée. Tome 3: 
algébre supérieure. Ire partie. Paris, Gauthier-Villars, 1911. 8vo. 
21+768 pp. Fr. 15.00 


Davison. Algebra for secondary schools. With answers. London, 
Cambridge University Press, 1911. 8vo. 324 pp. 3s 


Haut (H.8.). Aschool algebra. Parts 1 and 2,inone volume. London, 
Macmillan, 1911. 8vo. 3s. 6d. 


Hammer (E.). Lehrbuch der elementaren praktischen Geometrie. Band 
1: Feldmessen und Nivellieren. Leipzig, Teubner, 1911. 8vo. 
20+766 pp. Cloth. M. 24.00 


HANXLEDEN (E.). See Bauer (W.). 


Hawkes (H. E.), Lusy (W. A.) and Touton (F. C.). Second course 
in algebra. Boston, Ginn, 1911. 12mo. 7+264 pp. $0.75 


JaveLot (R.). Des procédés pour résoudre les problémes de géométrie 
élémentaire, suivis des premiers éléments de géométrie analytique 
appliqués 4 ces problémes. Rennes, Oberthiir, 1911. 8vo. 136 pp. 
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Knosiocu (W.) und (H.). Sammlung geometrischer Konstruk- 
tionen zum Gebrauche in Gewerbeschulen, Priparanden-Anstalten, 
Volks- und Mittelschulen. Altona-Ottensen, St. Carstens, 1911. 
8vo. 87 pp. M. 1.20 


(H.). See Knosiocs (W.). 


Laacer (F.). Vereinfachter Lehrgang der Elemente der Trigonometrie. 
Ziirich, Minerva, 1911. 


LieTzMANN (W.). Berichte und Mitteilungen, veranlasst durch die 
Internationale Mathematische Unterrichtskommission. V. es 
1911. 


Lupy (A. W.). See (H. E.). 
Mautert (A.). See Mixer (H.). 


Mine (W. J.). First year algebra. New York, American Book Co., 
1911. 12mo. 320 pp. $0.85 


Mier (H.) und Mautert (A.). Mathematisches Lehr- und Uebungs- 
buch fiir héhere Madchenschulen. 2ter Teil: Planimetrie und Kér- 
perberechnungen. 4te Auflage. Leipzig, Teubner, 1911. 8vo. 7+ 
122 pp. M. 1.80 

Nozion1 di aritmetica e geometria, con una raccolta di 1940 esercizt e 
problemi, per le classi V e VI elementari. 2a edizione. Roma, 
Romana, 1911. 16mo. 8+115 pp. 


Prerrortti (F.). ‘Algebra, nozioni preliminari, ad uso del terzo corso della 
scuola tecnica di Sulmona. Sulmona, Angeletti, 1911. 8vo. 18pp. 


Staueut (H. E.) and Lennes (N. J.). Solid geometry; with problems 
and applications. Boston, Allyn & Bacon, 1911. 12mo. 6+190 pp. 
Cloth. $0.75 


Smito (E. R.). Plane geometry developed by the syllabus method. 
New York, American Book Co., 1911. 12mo. 192 pp. Cloth. 
$0.75 


Suppantscuitscu (R.). Leitfaden der darstellenden Geometrie fiir die 
V bis VII Klasse der Realschulen. Wien, Tempsky, 1911. M. 4.00 


Testi (G. M.). Corso di matematiche, ad uso delle scuole secondarie 
superiori e pit: specialmente degli istituti tecnici. Volume IV: Com- 
plementi di geometria. 3a edizione, riveduta e corretta. Livorno, 
Giusti, 1911. 8vo. 13+236 pp. L. 3.00 


Tovuton (F. C.). See Hawkes (H. E.). 


Wanacu (B.). Tafel der Werte 2, fiir alle zweistelligen Werte von 


a_und b zur Berechnung der Gewichte von Summen, Differenzen, 
Mittelwerten, undso weiter. (Veréffentlichung des K6niglichen Preus- 
sischen Geoditischen Institutes. Neue Folge. 46.) Leipzig, Teubner, 
1910. M. 1.20 


Werssacu (J.). Tafel der vielfachen sinus und cosinus, sowie der vielfachen 
sinus versus von kleinen Winkeln, nebst Tafel der einfachen Tangenten, 
zum Gebrauche fir Praktiker, Geometer und Mechaniker itiberhaupt 
und fiir Markscheider besonders. Berlin, Weidmann, 1911. 8vo. 
28 pp. 

M. 1.00 


— 
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Ill. APPLIED MATHEMATICS. 


Anscuutz. The history, description, theory, and practice of the gyro- 
compass. London, Rees, 1911. S8vo. 3s. 6d. 


Bett (C. E.). Applications of rates. Part 1. Chicago, La Salle Ex- 
tension University, 1911. 4to. $0.25 
BorroneE (S. R.). Wireless telegraphy and hertzian waves. (Whittaker’s 


library of arts, sciences and industries.) 4th edition. Revised 
New York, Whittaker, 1910. 12mo. 12+136 pp. $1.00 


Brev (W.). Three-phase transmission. A practical treatise on the 
economic conditions governing the transmission of electric energ 
by underground and overhead conductors. New York, Van Nostrand, 
1911. 186pp. Cloth. 


Cuase (W.A.). Higher accountancy, principles and practice. 2 sal 
Chicago, La Salle Extension Univ ersity, 1911. 8vo. $6.00 


Crayton (W. B.) and Cratc (J. W.). General treatise on electricity and 
electrical apparatus. New York, Y. M.C.A., 1910. 16mo. 357 
pp. Flexible leather. $3.00 


Craic (J. W.). See Crayton (W. B.). 


Drvupe (P.). Précis d’optique publié d’aprés l’ouvrage de P. Drude, 
refondu et complété par M. Boll. Tome ler: Optique géométrique. 
Optique ondulatoire. Paris, Gauthier-Villars, 1911. 8vo. 10+376 
pp. Fr. 12.00 


Dvunem (P.). Traité d’énergétique ou de thermo-dynamique générale. 
Tome ler: Conservation de |’énergie. Mécanique rationnelle. Sta- 
tique générale. Déplacement de l’équilibre. Paris, Gauthier-Villars, 
1911. S8vo. 532 pp. Fr. 18.00 


F .eminG (J.A.). The principles of electric wave telegraphy and telephony. 
Second edition, revised and extended. New York, Van Nesrand: 1911. 
924 pp. Cloth. $7.50 

Icnatowsky (W. v.). Die Vektoranalysis und ihre Anwendung in der 
theoretischen Physik. 2ter Teil. Leipzig, Teubner, 1910. S8vo. 
4+123 pp. Cloth. M. 3.00 


IncHLEY (W.). See Mortey (A.). 


KarapetorF (V.). The electric circuit. New York, McGraw-Hill, 1911. 
Svo. 85 pp. $1.50, 


K6rper’s Strahlendiagramm zur vereinfachten Herstellung Perspekti- 
vischer Zeichnungen. Zum Gebrauch fir Architekten, Ingenieure 
Kunstgewerbetreibende und Landschaftsgirtner. 3te Auflage. Ber- 
lin, Ernst, 1911. 5+104 pp. M. 2.00 


Lorenz (H.). Die Theorie in der Technik. Rede zur Feier des Geburts- 
tages Seiner Majestaét des Kaisers und Ko6nigs gehalten am 27 
Januar 1911 in der Aula der KGniglichen Technischen Hochschule zu 
Danzig. Danzig, Schwital and Rohrbeck, 1911. 


MarquarpT. Beitrage zur mathematischen Geographie. Eilenburg, 
Offenhauer, 1911. 8vo. 20 pp. M. 0.20 
Meap (D. W.). Water power engineering. Corrected edition. New York, 
McGraw, 1911. 8vo. 803 pp. $6.00 


Memme (F. pe). Sulla struttura elicotetraedrica dei cristalli romboedrici. 
Genova, Pellas, 1911. 8vo. 8 pp. 
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Mort ey (A.) and Incutey (W.). Elementary applied mechanics. London, 
Longmans, 1911. 8vo. 390 pp. 3s. 


(R.). Cours d’électricité théorique. Courants alternatifs. 
(Institut industriel des Nord. Génie civil, 2e année.) Lille, Janny, 
1911. 4to. 138 pp. 


Ricwarp (P. J.). Etude sur l’assurance complémentaire de l’assurance 
sur la vie avec de nombreux dévelo A sur assurances contre 
la maladie et V’invalidité. Paris, Hermann, 1 Fr. 3.50 


Roumason (J.). Mécanique. (Bibliothéque des hd pratiques de 
commerce et d’industrie.) Paris, Delagrave, 1911. 18mo. wove 
pp. 75 


Rov (J. W.). Steam turbines. New York, McGraw-Hill,1911. 8vo. 
143 pp. $2.00 


Tomson (W.). Mathematical and physical papers. Volume 5. Lon- 
don, Cambridge University Press, 1911. 8vo. 618 pp. 18s. 


Wa txker (G. T.). Outlines of the theory of electromagnetism. London, 
Cambridge University Press, 1911. 8vo. 60 pp. 3s. 


Yortmoto-Tasui. L’energie en douze Traduit du japonais, 
commenté par B. Dangennes. Tours, rault, 1911. 8vo. 128 pp. 
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TWENTIETH ANNUAL LIST OF PAPERS. 


READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
TO THE PLACES OF THEIR PUBLICATION. 


Bates, W.H. An Application of Symbolic Methods to the Treatment of 
Mean Curvatures in Hyperspace. Read (Chicago) Jan. 1, April 9, 
Dec. 31, 1909; and Dec. 29, 1910. Transactions of the ‘American 
Mathematical Society, vol. 12, No. 1, pp. 19-38: Jan., 1911. 


Beck, H. Ein Seitenstiick zur Moebius’schen Geometrie der Kreisver- 
wandschaften. Read Sept. 7, 1910. Transactions of the American 
Mathematical Society, vol. 11, No. 4, pp. 414-448; Oct., 1910. 


Brrxuorr, G.D. General Theory of Linear Difference Equations. Read 
Sept. 6, 1910. Transactions of the American Mathematical Society, 
vol. 12, No. 2, pp. 243-284; April, 1911. 


Buicuretpt, H. F. On the Order of Linear Homogeneous Groups (Fourth 
Paper). Read (San Francisco) Sept. 24, 1919. Transactions of the 
American Mathematical Society, vol. 12, No. 1, pp. 39-42; Jan., 1911. 


Buss, G. A., and Mason, Max. Fields of Extremals in Space. Read 
Sept. 10, 1908. Transactions of the American Matheru.tical Socieiy, 
vol. 11, No. 3, pp. 325-340; July, 1910. 


Bércer, R. L. On the Determination +. the Ternary Modular Groups. 
Read (Southwestern Section) Dec. 1906. American Journal of 
Mathematics, vol. 32, No. 3, pp. %0 208: July, 1910. 


Casori, F. Fourier’s Improvement of the Newton-Raphson Method of 
Approximation Anticipated by Mourraille. Read Sept. 7, 1910. 
Bibliotheca Mathematica, ser. 3, vol. 11, No. 2, pp. 1832-137; April, 1911. 


— Horner’s Method of Approximation Anticipated by Ruffini. Read 
(Southwestern Section) Nov. 26, 1910. Bulletin of the American 
Mathematical Society, vol. 17, No. 8, pp. 409-414; May, 1911. 


Historical Note on the Newton-Raphson Method of Approximation. 
Read (Chicago) Dec. 29, 1910. American Mathematical Monthly, 
vol.18, No. 2, pp. 29-32; Feb., 1911. 


CaRMICHAEL, R. D. Linear Difference Equations and their Analytic 
Solutions. Read Sept. 6, 1910. Transactions of the American Mathe- 
matical Society, vol. 12, No. 1, pp. 99-134; Jan., 1911. 


Carver, W. B. The Poles of Finite Groups of Fractional Linear Sub- 
stitutions in the Complex Plane. Read Sept. 14, 1909. American 
Mathematical Monthly, vol. 18, No. 2, pp. 27-29; Feb., 1911. 

—— Ideals of a Quadratic Number Field in Canonic Form. Read April 30, 
1910. American Mathematical Monthly, vol. 18, No. 4, pp. 81- 87: 
April, 1911. 

Coste, A.B. Symmetric Binary Forms and Involutions. Read Sept. 14, 
1909. American Journal of Mathematics, vol. 32, No. 4, pp. 333-364; 
Oct., 1910. 
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—— The Reduction of the Sextic Equation to the Valentiner Form Problem. 
Read Sept. 6, 1910. Mathematische Annalen, vol. 70, No. 3, pp. 337- 
350; April, 1911. 


—— The Lines and Triple Tangent Planes of a Cubic Surface. Read 
Dec. 29, 1910. Johns Hopkins University Circular, 1911, No. 2, 
pp. 59-63; Feb., 1911. 


Conner, J. R. On Certain Correspondences Associated with the Ratio- 
nal Plane Quintic Curve. Read Dec. 29, 1910. Johns Hopkins 
University Circular, 1911, No. 2, pp. 64-75; Feb., 1911. 


Coo.inceE, J.L. The Metrical Aspect of the Line-Sphere Transformation. 
Read Dec. 28, 1910. Transactions of the American Mathematical 
Society, vol. 12, No. 1, pp. 48-69; Jan., 1911. 


Curtiss, D. R. Relations between the Gramian, the Wronskian, and a 
Third Determinant Connected with the Problem of Linear Depen- 
dence. Read April 28, 1911. Bulletin of the American Mathe- 
matical Society, vol. 17, No. 9, pp. 462-467; June, 1911. 


Davis, E.W. The Imaginary in Geometry. Read (Chicago) March 30, 
1907; Sept. 6, 1907; (Chicago) April 9, 1909; and (Southwestern Sec- 
tion) Nov. 27, 1909. Nebraska University Studies, vol. 10, No. 1, 
pp. 1-58; Jan., 1910. 


Dickson, L. E. On the Factorization of Integral Functions with p-adic 
Coefficients. Read Sept. 6, 1910. Bulletin of the American Mathe- 
matical Society, vol. 17, No. 1, pp. 19-23; Oct., 1910. 


—— An Invariantive Investigation of Irreducible Binary Modular Forms. 
Read Sept. 6, 1910. Transactions of the American Mathematical 
Sociely, vol. 12, No. 1, pp. 1-18; Jan., 1911. 


— A Fundamental System of Invariants of the General Modular Linear 
Group with a Solution of the Form Problem. Read Sept. 7, 1910. 
Transactions of the American Mathematical Society, vol. 12, No. 1, 
pp. 75-98; Jan., 1911. 


—— Binary Modular Groups and their Invariants. Read Sept. 6, 1910. 
American Journal of Mathematics, vol. 33, No. 2, pp. 175-192; April, 
1911. 


—Notes on the Theory of Numbers. Read April 29, 1911. American 
Mathematical Monthly, vol. 18, No. 5, pp. 109-111; May, 1911. 


——On the Negative Discriminants for Which There is a Single Class of 
Positive Primitive Binary Quadratic Forms. Read April 29, 1911. 
Bulletin of the American Mathematical Society, vol. 17, No. 10, pp. 
534-537; July, 1911. 


EiesLanp, JoHN. On a Class of Cubic Surfaces with Curves of the Same 
Species. Read Dec. 30, 1908. American Journal of Mathematics, 
vol. 33, No. 1, pp. 1-28; Jan., 1911. 


Exsennart, L. P. Congruences of the Elliptic Type. Read Sept. 13, 
1909. Transactions of the American Mathematical Society, vol. 11, 
No. 3, pp. 351-370; July, 1910. 


—— Surfaces with Isothermal Representation of Their Lines of Curvature 
and Their Transformations (Second Memoir). Read Feb. 26, 1910. 
Transactions of the American Mathematical Society, vol. 11, No. 4, 
pp. 475-486; Oct., 1910. 


Evans, G. C. Volterra’s Integral Equation of the Second Kind, with 
Discontinuous Kernel. Read Sept. 13, 1909. Transactions of the 
American Mathematical Society, vol. 11, No. 4, pp. 393-413; Oct., 1910. 
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Frevp, Peter. On the Circuits of a Plane Curve. Read Oct. 25, 1902. 
Mathematische Annalen, vol. 67, No. 1, pp. 126-129; April, 1909. 


—— On the Circuits of a Plane Curve, II. Read Feb. 26, 1910. Mathe- 
matische Annalen, vol. 69, No. 2, pp. 218-222; July, 1910. 


Fire, W. B. Concerning the Invariant Points of Commutative Ccollin- 
eations. Read April 30,1910. Annals of Mathematics, ser. 2, vol. 11, 
No. 4, pp. 169-176; July, 1910. 


Forp, W. B. On the Relation Between the Sum Formulas of Hélder and 
Cesaro. Read Sept. 14, 1909. American Journal of Mathematics, 
vol. 32, No. 4, pp. 315-326; Oct., 1910, 


Guenn, O.E. Invariant Conditions that a p-ary Form may have Pps 
Linear Factors. Read Oct. 29, 1910. Bulletin of the American 
Mathematical Society, vol. 17, No. 9, pp. 449-457; June, 1911. 


Guover, J. W. A Method of Analysis of Population and Vital Statistics. 
Read (Chicago), Jan. 1, 1909. Transactions of the Sixth International 
Congress on Tuberculosis, vol. 3, pp. 55-87; 1910. 


GuNpDELFINGER, G. F. On the Geometry of Line Elements in the Plane 
with Reference to Osculating Circles. Read Sept. 14, 1909, and April 
30, 1910. American Journal of Mathematics, vol. 33, No. 2, pp. 153- 
174; April, 1911. 

Harnaway, A.S. Motion of n Bodies. Read (Chicago) Jan. 1, 1908. 
Proceedings of the Indiana Academy of Science, 1909, p. 203; Nov., 1909. 


Hawxkesworts, A.S. On Certain Space Generalizations. Read Dec. 28, 
= , ave n Mathematical Monthly, vol. 18, No. 2, pp. 33-36; 
eb., 1. 


Hoskins, L. M. The Strain of a Non-Gravitating Sphere of Variable 
Density. Read (San Francisco) Feb. 26, 1910. Transactions of 
the a Mathematical Society, vol. 11, No. 4, pp. 494-504; Oct., 
191 


HuntincTon, E.V. The Elementary Theory of the Gyroscope in the Bren- 
nan Monorail Car. Read April 25, 1908, and Dec. 30, 1909. En- 
gineering News, vol. 64, No. 3, pp. 68-70; July 21, 1910. 


Incotp, Louis. Vector Interpretation of Differential Param- 
eters. Read (Chicago) March 30, 1907. Transactions of the 
American Mathematical Society, vol. 11, No. 4, pp. 449-474; Oct., 1910. 


—— Note on Identities Connecting Certain Integrals. Read Sept. 7, 
1910. Bulletin of the American Mathematical Society, vol. 17, No. 4, 
pp. 184-189; Jan., 1911. 


Jackson, W. H. The Theory of Shadow Rails. Read April 24, 1909. 
Annals of Mathematics, ser. 2, vol. 11, No. 4, pp. 141- 132: July, 1910. 


KarpinskI, L.C. Hindu Numerals in the Fihrist. Read (Chicago) Dec. 29. 
1910. Bibliotheca Mathematica, ser. 3, vol. 11, No. 2, pp. 121-124; 
April, 1911. 

— Robert of Chester’s Translation of the Algebra of Al-Khowarazmi. 
Read (Chicago) Dec. 29, 1910. Bibliotheca Mathematica, ser. 3, vol. 
11, No. 2, pp. 125-131; April, 1911. 

Kasner, Epwarp. The General Transformation Theory of Differential 
Elements. Read April 30, 1904. American Journal of Mathematics, 
vol. 32, No. 4, pp. 391-401; Oct., 1910. 


1911.] TWENTIETH ANNUAL LIST OF PAPERS. 563 


—— The Group of Turns and Slides and the Geometry of Turbines. 
Read Dec. 31, 1908. American Journal of Mathematics, vol. 33, No. 2, 
pp. 193-202; April, 1911. 


— Natural Systems of Trajectories Generating Families of Lamé. 
Read Dec. 30, 1909. Transactions of the American Mathematical 
Society, vol. 12, No. 1, pp. 70-74; Jan., 1911. 


LamBert, P. A. A Method of Solving Linear Differential Equations. 
Read Oct. 30, 1909. Annals of Mathematics, ser. 2, vol. 11, No. 4, 
pp. 185-192; July, 1910. 


Leumer, D. N. On the Combination of Involutions. Read (San Fran- 
cisco) Sept. 24, 1910. American Mathematical Monthly, vol. 18, 
No. 3, pp. 52-57; March, 1911. 

Lennes, N. J. Theorems on the Simple Finite Polygon and Polyhedron. 
Read (Chicago) April 11, 1903. American Journal of Mathematics, 
vol. 33, No. 1, pp. 37-62; Jan., 1911. 

Loneiey, W. R. Note on Implicit Functions Defined by Two Equations 
when the Functional Determinant Vanishes. Read Dec. 30, 1908. 
gg of the American Mathematical Society, vol. 17, No. 1, pp. 1-9; 

ct., 1910. 


MacDonatp, W. E. See Ristey, W. J. 
MacMituan, W. D. See Moutron, F. R. 


Mannine, W. A. On the Primitive Groups of Classes Six and Eight. 
Read (San Francisco) Dec. 19, 1903. American Journal of Mathe- 
matics, vol. 32, No. 3, pp. 235-256; July, 1910. 


Mason, M. See Briss, G. A. 


— Groups of Transformations of Sylow Subgroups. Read (Chicago) 
April 8, 1910. American Journal of Mathematics, vol. 32, No. 3, 
pp. 299-304; July, 1910. 


—On a Method Due to Galois. Read April 30, 1910. Quarterly 
ge of Pure and Applied Mathematics, vol. 41, No. 4, pp. 382-384; 
July, 1910. 


— On the Solution of a System of Linear Equations. Read Sept. 7, 
1910. American Mathematical Monthly, vol. 17, Nos. 6-7, pp. 137- 
139; June-July, 1910, and No. 10, pp. 201-202; Oct., 1910. 


— Some Relations Between Substitution Group Properties and Abstract 
Groups. Read Sept. 7, 1910. Proceedings of the American Philo- 
sophical Society, vol. 49, No. 196, pp. 307-314; Aug-Sept., 1910. 


— Groups Generated by Two Operators Satisfying Two Conditions. 
Read Oct. 29, 1910. Bulletin of the American Mathematical Society, 
vol.17, No. 7, pp. 333-340; April, 1911. 

—— The Group Generated by Two Conjoints. Read Oct. 29, 1910. 
Prace Matematyczno-Fizyczne, vol. 21, pp. 61-64; 1910. 

MitcHett, H. H. Determination of the Ordinary and Modular Ternary 
Linear Groups. Read Dec. 30, 1909, April 30, 1910, and Sept. 7, 
1910. T'ransactions of the American Mathematical Society, vol. 12, 
No. 2, pp. 207-242; April, 1911. 


Miter, G. A. Groups Generated by Two Operators 81,8. Satisfying the 
Equation s:s3=8.s?. Read Dec. 29, 1909. Transactions of the 
American Mathematical Society, vol. 11, No. 3, pp. 341-350; July, 1910. 
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Moors, C. L. E. Infinitesimal Properties of Lines in S, with Applications 
to Circles in S:. Read Dec. 30, 1908. Proceedings of the American 
Academy of Arts and Sciences, vol. 46, No. 15, pp. 345-362; Jan., 1911. 


—— Some Properties of Lines in Space of Four Dimensions and Their 
Interpretation in the Geometry of the Circle in Space of Three Di- 
mensions. Read April 30, 1910. American Journal of Mathematics, 
vol. 33, No. 2, pp. 129-152; April, 1911. 


Moors, C. N. On the Uniform Convergence of the Developments in 
Bessel Functions. Read Oct. 30, 1909, and Feb. 25, 1911. Trans- 
actions of the American Mathematical Society, vol. 12, No. 2, pp. 181—- 
206; April, 1911. 

Movtron, F. R. The Straight Line Solutions of the Problem of n Bodies’ 
Read (Chicago) Dec. 27, 1900. Annals of Mathematics, ser. 2, vol. 12, 
No. 1, pp. 1-17; Oct., 1910. 


— and MacMiuttan, W. D. On the Solutions of Certain Types of 
Linear Differential Equations with Periodic Coefficients. Read 
(Chicago) April 10, 1909. American Journal of Mathematics, vol. 33, 
No. 1, pp. 63-96; Jan., 1911. 


Nerxrirk, L. I. Groups of Rational Transformations in a General Field. 
Read (Chicago) April 9, 1909, and Jan. 1, 1910. Transactions of 
the American Mathematical Society, vol. 11, No. 3, pp. 294-300; July, 
1910. 


Pett, Anna J. Biorthogonal Systems of Functions. Read (Chicago) 
April 10, 1909. Transactions of the American Mathematical Society, 
vol. 12, No. 2, pp. 135-164; April, 1911. 


—— Applications of Biorthogonal Systems of Functions to the Theory of 
Integral Equations. Read Sept. 13, 1909. Transactions of the 
American Mathematical Society, vol. 12, No. 2, pp. 165-180; April, 1911. 


Puiturrs, H. B. The Indeterminate Product. Read April 30, 1910. 
Proceedings of the American Academy of Arts and Sciences, vol. 46, 
No. 16, pp. 365-370; Jan., 1911. 


Putnam, T. M. Perfect Numbers. Read (San Francisco) Feb. 24, 1906. 
American Mathematical Monthly, vol. 17, Nos. 8-9, pp. 165-168; 
Aug.—Sept., 1910. 


Ranum, ArtHuR. On the Classification of Systems of Linear Equations. 
Read Sept. 6, 1910. American Mathematical Monthly, vol. 17, Nos. 
8-9, pp. 155-161; Aug.—Sept., 1910. 


—— The General Term of a Recurring Series. Read (San Francisco) Sept. 
26, 1908. Bulletin of the American Mathematical Society, vol. 17, 
No. 9; pp. 457-561; June, 1911. 


Reppicx, H. W. Systems of Tautochrones in a General Field of Force. 
Read Sept. 14, 1909. American Journal of Mathematics, vol. 382, 
No. 4, pp. 365-390; Oct., 1910. 


Ricuarpson, R.G.D. On the Saddlepoint in the Theory of Maxima and 
Minima and in the Calculus of Variations. Read April 30, 1910. 
Bulletin of the American Mathematical Society, vol. 17, No. 4, pp. 177- 
184; Jan., 1911. 

Rretz, H. L. On Normal Correlation Surfaces. Read (Chicago) April 
14, 1906. Illinois University Studies, vol. 3, pp. 1-20; Nov., 1908, 
and Bulletin of the University of Illinois Agricultura! Experiment 
Station, No. 148, pp. 291-316; Nov., 1910. 
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Ristey, W. J., and MacDonatp, W. E. Envelopes of One-Parameter 
Families of Plane Curves. Read (Chicago) Dec. 29, 1910. Annals 
of Mathematics, ser. 2, vol. 12, No. 2, pp. 73-102; Jan., 1911. 


Roz, E. D., Jr. A Generalized Definition of Limit. Read Sept. 7, 1910. 
The Mathematics Teacher, vol. 3, No. 1, pp. 43-48; Sept., 1910. 


Root, R. E. Iterated Limits of Functions on an Abstract Range. Read 
April 29,1911. Bulletin of the American Mathematical Society, vol. 
17, No. 10, pp. 538-539; July, 1911. 


Sarrorp, F. H. Sturm’s Method of Integrating + dy/VY=0. 
Read April 30, 1910. Bulletin of the American Mathematical Society, 
vol. 17, No. 1, p. 9-15; Oct., 1910. 


Saurext, Pauy. On the Classification of Crystals. Read Dec. 29, 1910. 
Bulletin of the American Mathematical Society, vol. 17, No. 8, pp. 398- 
409; May, 1911. 


ScuweiTzer, A.R. On the Genesis of the Middle Product in Grassmann’s 
Extensive Algebra. Read (Chicago) April 18, 1908. Mathematische 
Annalen, vol. 69, No. 4, pp. 580-585; Nov., 1910. 


SHarre, F. R. A Problem in Age Distribution. Read Sept. 13, 1909. 
Philosophical Magazine, vol. 21, No. 4, pp. 435-438; April, 1911. 


Sisam, C. H. On Three-Spreads Satisfying Four or More Homogeneous 
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